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FLAG BOTT MANIFOLDS AND
THE TORIC CLOSURE OF A GENERIC ORBIT
ASSOCIATED TO A GENERALIZED BOTT MANIFOLD
SHINTAROˆ KUROKI, EUNJEONG LEE, JONGBAEK SONG, AND DONG YOUP SUH
Abstract. To a direct sum of holomorphic line bundles, we can associate two fibrations, whose fibers are,
respectively, the corresponding full flag manifold and the corresponding projective space. Iterating these
procedures gives, respectively, a flag Bott tower and a generalized Bott tower. It is known that a generalized
Bott tower is a toric manifold. However a flag Bott tower is not toric in general but we show that it is a
GKM manifold, and we also show that for a given generalized Bott tower we can find the associated flag
Bott tower so that the closure of a generic torus orbit in the latter is a blow-up of the former along certain
invariant submanifolds. We use GKM theory together with toric geometric arguments.
1. Introduction
A Bott tower {Bj | j = 0, . . . ,m} is a sequence of CP 1-fibrations CP 1 →֒ Bj
πj
−→ Bj−1 such that Bj
is the projectivization of the sum of two complex line bundles over Bj−1 where B0 is a point which is
introduced in [GK94]. Then each Bj is a complex j-dimensional nonsingular algebraic variety called the
j-stage Bott manifold. Each Bott manifold Bj has a (C∗)j -action with which Bj becomes a toric manifold,
i.e., a nonsingular toric variety.
Another interesting point of Bott manifold is its relation with Bott–Samelson variety. A Bott–Samelson
variety is a well-known algebraic variety in representation theory, which is defined as the quotient space
(Pi1 ×· · ·×Pim)/(B×· · ·×B) for some minimal parabolic subgroups Pij of a complex semisimple Lie group
G and a Borel subgroup B ⊂ G with a certain twisted action of the product of B on the product of minimal
parabolic subgroups Pij . It is shown in [GK94] and [Pas10] that every Bott–Samelson variety has a Bott
manifold as its toric degeneration. Indeed, if X is a Bott–Samelson variety, there is a one-parameter family
of algebraic varieties Xt for t ∈ C such that Xt is isomorphic to X for each t ∈ C \ {0} and limt→0Xt is
a Bott manifold. This relation between a Bott–Samelson variety and a Bott tower gives some interesting
results on algebraic representations of G in [GK94].
A generalized Bott tower is introduced in [MS08] as a generalization of Bott towers as being a toric
manifold. A generalized Bott tower {Bj | j = 0, . . . ,m} is defined similarly to a Bott tower but the
difference is that Bj is the projectivization of the sum of nj + 1 many complex line bundles instead of two
line bundles. In this case, each Bj is a toric manifold. But for this generalization, it is difficult to find
an appropriate algebraic variety defined from a complex semisimple Lie group, which degenerates into a
generalized Bott manifold. Generalized Bott manifolds are studied in [CMS10b], [CM12], [CPS12], [Ish12],
[Cho15], and [CMM15] for the cohomological rigidity problem, which asks whether the class of toric manifolds
are topologically classified by their integral cohomology rings.
In this paper, we define a flag Bott tower {Fj | j = 0, . . . ,m} to be a sequence of the full flag fibrations
F l(nj + 1) →֒ Fj
pj
−→ Fj−1 where Fj is the flagification of a sum of nj + 1 many complex line bundles over
Fj−1. It is shown in [FLS18] that there is an algebraic variety called flag Bott–Samelson variety defined from
a complex semisimple Lie group, which degenerates into a flag Bott manifold. Unfortunately, a flag Bott
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manifold is not a toric manifold in general. In fact, the complex dimension of Fm is
∑m
j=1 nj(nj +1)/2, but
there is an effective action of complex torus H of dimension
∑m
j=1 nj on Fm. Furthermore it is shown in
[Kur17] that
∑m
j=1 nj is the highest dimension of a torus which can act on Fm effectively.
With the restricted action of the real torus T of dimension
∑m
j=1 nj the flag Bott manifold Fm can be
seen to be a GKM manifold in Theorem 3.6. Moreover the concrete information of the GKM graph of Fm
is computed in Theorem 3.11.
Even though generalized Bott towers and flag Bott towers are two different generalizations of Bott towers,
there is an interesting relation between them. Namely, Theorem 5.7 says that for a given generalized Bott
tower {Bj | j = 0, . . . ,m} there exists the associated flag Bott tower {Fj | j = 0, . . . ,m} and maps
qj : Fj → Bj such that qj−1 ◦ pj = πj ◦ qj for all j = 1, . . . ,m. Moreover the closure of a generic orbit
of H-action in Fm is the blow-ups of Bm along some invariant submanifolds. To obtain this result the
GKM graph information of Fm from Theorem 3.11 is essentially used together with some toric topological
arguments.
We remark that every flag Bott tower is a CP -tower, i.e., a sequence of an iterated complex projective
space fibrations. A CP -tower is introduced in [KS14] and [KS15] as a more generalized notion than a
generalized Bott tower.
The paper is organized as follows. In Section 2, we give an alternative description of a flag Bott manifold
as the orbit space of the product of general linear groups under the action of the product of their Borel
subgroups defined in (2.8), see Proposition 2.8. In doing so, each complex line bundle appearing in the
construction of a flag Bott tower can be described in terms of characters of maximal tori of general linear
groups. Then we can associate a sequence of integer matrices defined by the weights of the above mentioned
characters to a flag Bott manifold as in Proposition 2.11. We also give an explicit description of the tangent
bundle of a flag Bott manifold in Proposition 2.17, which will be used in the GKM description of a flag Bott
manifold in Section 3.
In Section 3, we define the canonical torus action on a flag Bott manifold, and find an explicit description
of the tangential representation at a fixed point in Proposition 3.5. We then see easily that every flag Bott
manifold is a GKM manifold. Moreover an explicit description of the GKM graph of a flag Bott manifold is
given in Theorem 3.11.
In Section 4, we define the associated flag Bott tower to a given generalized Bott tower. Then Proposi-
tion 4.7 gives the integer matrices corresponding to the associated flag Bott tower.
In Section 5, we study the relation between a generalized Bott manifold Bm and the closure X of a
generic orbit of the associated flag Bott manifold Fm. This can be accomplished by calculating the fan of X
in Theorem 5.4 using the axial functions of the GKM graph of Fm. Then we show that the toric variety X
comes from a series of blow-ups of Bm in Theorem 5.7.
2. Flag Bott Manifolds
2.1. Definition of Flag Bott Manifolds. Let M be a complex manifold and E an n-dimensional holo-
morphic vector bundle over M . Recall from [BT82, p. 282] that the associated flag bundle Fℓ(E) → M is
obtained from E by replacing each fiber Ep by the full flag manifold Fℓ(Ep).
Definition 2.1. A flag Bott tower {Fj | j = 0, . . . ,m} of height m (or an m-stage flag Bott tower) is a
sequence,
Fm Fm−1 · · · F1 F0 = {a point},
pm pm−1 p2 p1
of manifolds Fj = Fℓ
(⊕nj+1
k=1 ξ
(j)
k
)
where ξ
(j)
k is a holomorphic line bundle over Fj−1 for each k = 1, . . . , nj+1
and j = 1, . . . ,m. We call Fj the j-stage flag Bott manifold of the flag Bott tower.
Here are some examples of flag Bott manifolds.
Example 2.2. (1) The flag manifold Fℓ(Cn+1) = Fℓ(n + 1) is a flag Bott tower of height 1. In
particular, Fℓ(2) = CP 1 is a 1-stage flag Bott manifold.
(2) The product of flag manifolds Fℓ(n1 + 1)× · · · × Fℓ(nm + 1) is a flag Bott manifold of height m.
(3) Recall from [GK94] that an m-stage Bott manifold is a sequence of CP 1-fibrations such that each
stage is the projective bundle of the sum of two line bundles. When nj = 1 for j = 1, . . . ,m, an
m-stage flag Bott manifold is an m-stage Bott manifold. 
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Definition 2.3. Two flag Bott towers {Fj | j = 0, . . . ,m} and {F ′j | j = 0, . . . ,m} are isomorphic if there
is a collection of holomorphic diffeomorphisms ϕj : Fj → F ′j which commute with the maps pj : Fj → Fj−1
and p′j : F
′
j → F
′
j−1.
Remark 2.4. (1) Of course one can define Fj to be Fℓ(Ej) for some holomorphic vector bundle Ej
over Fj−1. However, since we want to consider torus actions on Fm, we assume Ej to be a sum of
holomorphic line bundles as in Definition 2.1.
(2) Even though we are concentrating full flag fibrations in this paper, one can also study other kinds of
induced fibrations such as partial flag fibrations, isotropic flag fibrations, etc., which require further
works. 
2.2. Orbit Space Construction of Flag Bott Manifolds. In this subsection, we consider an orbit
space construction of a flag Bott tower in Proposition 2.8 and Proposition 2.11 using complex Lie groups
GL(n) := GL(n,C) in order to consider the canonical torus action on it, see Subsection 3.1.
A flag Bott tower of height 1 is the flag manifold Fℓ(n1+1) which is the orbit spaceGL(n1+1)/BGL(n1+1),
where BGL(n1+1) is the set of upper triangular matrices in GL(n1 + 1). In order to construct a flag Bott
tower of height 2, let HGL(n1+1) be the maximal torus contained in BGL(n1+1), i.e., HGL(n1+1)
∼= (C∗)n1+1.
The character group χ(HGL(n1+1)) = {χ : HGL(n1+1) → C
∗ | χ is a homomorphism} is isomorphic to Zn1+1.
For an integer vector a = (a(1), . . . , a(n1 + 1)) ∈ Zn1+1, the associated character HGL(n1+1) → C
∗ is
h = diag(h1, . . . , hn1+1) 7→ h
a := h
a(1)
1 · · ·h
a(n1+1)
n1+1
.
Hence for each integer vector a ∈ Zn1+1, we define a line bundle ξ(a) as the orbit space
ξ(a) := (GL(n1 + 1)× C)/BGL(n1+1),
where the right BGL(n1+1)-action is defined by (g, v) · b = (gb, b
−a v) for b ∈ BGL(n1+1). Here, for b = (bij) ∈
BGL(n1+1), we use the following notation:
(2.1) ba := Υ(b)a = b
a(1)
11 b
a(2)
22 · · · b
a(n1+1)
n1+1,n1+1
,
where Υ: BGL(n1+1) → HGL(n1+1) is the canonical projection. Recall from [Bri05, Subsection 1.4] that this
construction gives a surjective group homomorphism
Zn1+1 ։ Pic(Fℓ(n1 + 1)),
a 7→ ξ(a)
(2.2)
where Pic(Fℓ(n1 + 1)) is the set of isomorphic classes of holomorphic line bundles over Fℓ(n1 + 1).
To construct flag Bott towers of height 2, we need (n2+1) many holomorphic line bundles. Because of the
surjection in (2.2), there exist integer vectors a
(2)
1,1, . . . , a
(2)
n2+1,1
∈ Zn1+1 such that F2 = Fℓ
(⊕n2+1
k=1 ξ(a
(2)
k,1)
)
.
At this stage, actually we do not need the lower second index in the above vector notation. However the
role of this index will show up from the third stage. For simplicity, we define an integer matrix A
(2)
1 of size
(n2 + 1)× (n1 + 1) whose row vectors are a
(2)
1,1, . . . , a
(2)
n2+1,1
, i.e.,
A
(2)
1 =

a
(2)
1,1
a
(2)
2,1
...
a
(2)
n2+1,1
 =

a
(2)
1,1(1) · · · a
(2)
1,1(n1 + 1)
a
(2)
2,1(1) · · · a
(2)
2,1(n1 + 1)
...
...
a
(2)
n2+1,1
(1) · · · a
(2)
n2+1,1
(n1 + 1)
 ∈M(n2+1)×(n1+1)(Z).
Now we have the orbit space construction of F2 described by an integer matrix A
(2)
1 of size (n2+1)×(n1+1).
The matrix A
(2)
1 gives a homomorphism HGL(n1+1) → HGL(n2+1) defined by
(2.3) h 7→ diag
(
ha
(2)
1,1 , . . . , ha
(2)
n2+1,1
)
.
By composing the canonical projection Υ: BGL(n1+1) → HGL(n1+1) with the homomorphism (2.3), we define
a homomorphism Λ
(2)
1 from BGL(n1+1) to HGL(n2+1). Consider the orbit space
(2.4) F quo2 = (GL(n1 + 1)×GL(n2 + 1))/(BGL(n1+1) ×BGL(n2+1)),
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where the right action of BGL(n1+1) ×BGL(n2+1) is given by
(g1, g2) · (b1, b2) :=
(
g1b1, diag(b
−a
(2)
1,1
1 , . . . , b
−a
(2)
n2+1,1
1 )g2b2
)
= (g1b1,Λ
(2)
1 (b1)
−1g2b2),
for (g1, g2) ∈ GL(n1 + 1)×GL(n2 + 1) and (b1, b2) ∈ BGL(n1+1) ×BGL(n2+1). This action will be proved to
be free and proper in Lemma 2.7. We will also see in Proposition 2.8 that {F quo2 ,Fℓ(n1 + 1), {a point}} is
isomorphic to the flag Bott tower
Fℓ
(
n2+1⊕
k=1
ξ(a
(2)
k,1)
)
→ Fℓ(n1 + 1)→ {a point}.
Example 2.5. Consider a flag Bott tower of height 2 whose 1-stage is Fℓ(3). Put a
(2)
1,1 = (c1, c2, 0) and
a
(2)
2,1 = (0, 0, 0) for c1, c2 ∈ Z, so that A
(2)
1 =
[
c1 c2 0
0 0 0
]
. Then this gives a flag Bott tower of height 2,
F2 = Fℓ (ξ(c1, c2, 0)⊕ ξ(0, 0, 0))→ F1 where the line bundle ξ(c1, c2, 0) =: ξ
(2)
1 over Fℓ(3) is defined by
(GL(3)× C)/BGL(3), (g, v) ∼
(
g · b, b−(c1,c2,0)v
)
.
The integer vector a
(2)
2,1 = (0, 0, 0) gives the trivial line bundle over Fℓ(3). On the other hand, for (g1, g2) ∈
GL(3)×GL(2) and (b1, b2) ∈ BGL(3) ×BGL(2), one can see that
F2 ∼= F
quo
2 = (GL(3)×GL(2))/(BGL(3) ×BGL(2)), (g1, g2) ∼
(
g1b1, diag(b
−(c1,c2,0)
1 , 1)g2b2
)
. 
We now consider flag Bott towers of height 3. Let F quo2 be a 2-stage flag Bott manifold defined by an
integer matrix A
(2)
1 of size (n2+1)× (n1+1) as in (2.4). For an integer vector (a1, a2) ∈ Z
n1+1×Zn2+1, we
define a holomorphic line bundle ξ(a1, a2) as the orbit space
ξ(a1, a2) = (GL(n1 + 1)×GL(n2 + 1)× C)/(BGL(n1+1) ×BGL(n2+1))
of the right action
(g1, g2, v) · (b1, b2) = (g1b1,Λ
(2)
1 (b1)
−1g2b2, b
−a1
1 b
−a2
2 v)
for (g1, g2, v) ∈ GL(n1+1)×GL(n2+1)×C and (b1, b2) ∈ BGL(n1+1)×BGL(n2+1). This construction gives
the following group homomorphism which will be proved to be surjective in Lemma 2.12 and Lemma 2.13:
Zn1+1 × Zn2+1 ։ Pic(F2),
(a1, a2) 7→ ξ(a1, a2).
To construct 3-stage flag Bott manifolds, we need (n3 + 1) many holomorphic line bundles. Because of
the above surjection, there exists an integer vector (a
(3)
k,1, a
(3)
k,2) ∈ Z
n1+1 × Zn2+1 for k = 1, . . . , n3 + 1. We
define the integer matrix A
(3)
ℓ of size (n3 + 1)× (nℓ + 1) for ℓ = 1, 2 whose row vectors are a
(3)
1,ℓ , . . . , a
(3)
n3+1,ℓ
,
i.e., for ℓ = 1, 2
A
(3)
ℓ =

a
(3)
1,ℓ
a
(3)
2,ℓ
...
a
(3)
n3+1,ℓ
 =

a
(3)
1,ℓ(1) · · · a
(3)
1,ℓ(nℓ + 1)
a
(3)
2,ℓ(1) · · · a
(3)
2,ℓ(nℓ + 1)
...
...
a
(3)
n3+1,ℓ
(1) · · · a
(3)
n3+1,ℓ
(nℓ + 1)
 ∈M(n3+1)×(nℓ+1)(Z).
For ℓ = 1 and 2, the matrix A
(3)
ℓ gives a homomorphism HGL(nℓ+1) → HGL(n3+1) which sends h to
diag
(
ha
(3)
1,ℓ , . . . , ha
(3)
n3+1,ℓ
)
. By composing the canonical projection Υ: BGL(nℓ+1) → HGL(nℓ+1) with the
homomorphism determined by A
(3)
ℓ , we define a homomorphism Λ
(3)
ℓ : BGL(nℓ+1) → HGL(n3+1). Consider
the following orbit space:
F quo3 := (GL(n1 + 1)×GL(n2 + 1)×GL(n3 + 1))/(BGL(n1+1) ×BGL(n2+1) ×BGL(n3+1)),
where the right action of BGL(n1+1) ×BGL(n2+1) ×BGL(n3+1) is defined by
(2.5) (g1, g2, g3) · (b1, b2, b3) = (g1b1,Λ
(2)
1 (b1)
−1g2b2,Λ
(3)
1 (b1)
−1Λ
(3)
2 (b2)
−1g3b3).
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This right action is free and proper, see Lemma 2.7. For a given integer matrices (A
(2)
1 , A
(3)
1 , A
(3)
2 ) ∈∏
1≤ℓ<j≤3M(nj+1)×(nℓ+1)(Z), it will be proved in Proposition 2.8 that {F
quo
j | j = 0, 1, 2, 3} is isomorphic
to the following flag Bott tower:
Fℓ
(
n3+1⊕
k=1
ξ(a
(3)
k,1, a
(3)
k,2)
)
→ Fℓ
(
n2+1⊕
k=1
ξ(a
(2)
k,1)
)
→ Fℓ(n1 + 1)→ {a point}.
Example 2.6. For n1 = 2, n2 = 1, n3 = 1, consider the following matrices:
A
(2)
1 =
[
c1 c2 0
0 0 0
]
, A
(3)
1 =
[
d1 d2 0
0 0 0
]
, A
(3)
2 =
[
f1 0
0 0
]
.
Then the right action of BGL(3) ×BGL(2) ×BGL(2) on GL(3)×GL(2)×GL(2) defined in (2.5) is
(g1, g2, g3) · (b1, b2, b3) =
(
g1b1, diag
(
b
(−c1,−c2,0)
1 , 1
)
g2b2, diag
(
b
(−d1,−d2,0)
1 b
(−f1,0)
2 , 1
)
g3b3
)
. 
We generalize the above orbit space construction to higher stages. For positive integers n and n′, let A
be an integer matrix of size (n+ 1)× (n′ + 1) whose row vectors are a1, . . . , an+1 ∈ Zn
′+1, i.e.,
A =

a1
a2
...
an+1
 =

a1(1) a1(2) · · · a1(n′ + 1)
a2(1) a2(2) · · · a2(n′ + 1)
...
...
...
an+1(1) an+1(2) · · · an+1(n
′ + 1)
 ∈M(n+1)×(n′+1)(Z).
LetHGL(n+1) ⊂ GL(n+1), respectivelyHGL(n′+1) ⊂ GL(n
′+1), be the set of diagonal matrices in GL(n+1),
respectively GL(n′+1). Since the character group χ(HGL(n′+1)) is isomorphic to Zn
′+1, the matrix A gives
a homomorphism HGL(n′+1) → HGL(n+1) defined by
(2.6) h 7→ diag (ha1 , ha2 , . . . , han+1) ∈ HGL(n+1).
By composing the canonical projection Υ: BGL(n′+1) → HGL(n′+1) with the homomorphism (2.6), we define
the homomorphism Λ(A) : BGL(n′+1) → HGL(n+1) associated to the matrix A ∈M(n+1)×(n′+1)(Z):
(2.7) Λ(A)(b) := diag(Υ(b)a1 ,Υ(b)a2 , . . . ,Υ(b)an+1) ∈ HGL(n+1) for b ∈ BGL(n′+1).
For a given sequence of integer matrices (A
(j)
ℓ )1≤ℓ<j≤m ∈
∏
1≤ℓ<j≤mM(nj+1)×(nℓ+1)(Z), we define a right
action Φj of BGL(n1+1) × · · · ×BGL(nj+1) on GL(n1 + 1)× · · · ×GL(nj + 1) by
Φj((g1, g2, . . . , gj), (b1, b2, . . . , bj))
:= (g1b1,Λ
(2)
1 (b1)
−1g2b2,Λ
(3)
1 (b1)
−1Λ
(3)
2 (b2)
−1g3b3, . . . ,
Λ
(j)
1 (b1)
−1Λ
(j)
2 (b2)
−1 · · ·Λ
(j)
j−1(bj−1)
−1gjbj)
(2.8)
for j = 1, . . . ,m, where Λ
(j)
ℓ := Λ(A
(j)
ℓ ) is the homomorphism BGL(nℓ+1) → HGL(nj+1) associated to the
matrix A
(j)
ℓ as defined in (2.7) for 1 ≤ ℓ < j ≤ m.
Lemma 2.7. The right action Φj in (2.8) is free and proper for j = 1, . . . ,m.
Proof. For g := (g1, . . . , gj) ∈ GL(n1+1)× · · ·×GL(nj +1) and (b1, . . . , bj) ∈ BGL(n1+1)× · · ·×BGL(nj+1),
the equality g1 = g1b1 implies that b1 is the identity matrix since g1 is invertible. Similarly, the equation
g2 = Λ
(2)
1 (b1)
−1g2b2 = g2b2 gives that b2 is the identity. Continuing in this manner, we conclude that the
isotropy subgroup at g is trivial, this shows that the action Φj is free.
To prove the properness of the action, it is enough to show that for every sequence (gr) := (gr1 , . . . , g
r
j )
in GL(n1 + 1) × · · · × GL(nj + 1) and (br) := (br1, . . . , b
r
j) in BGL(n1+1) × · · · × BGL(nj+1) such that both
(gr) and (Φ(gr, br)) converge, a subsequence of (br) converges, see [Lee13, Proposition 21.5]. Note that for
convergent sequences (Ar) → A and (Br) → B in GL(n + 1), the sequence (ArBr) also converges to AB
since the multiplication map is continuous. Also for a convergent sequence (Ar)→ A in GL(n+1), we have
that Aij = limr→∞(A
r)ij . Since both sequences (g
r
1) and (g
r
1b
r
1) converge, the sequence (b
r
1) also converges
in BGL(n1+1). Similarly, sequences (Λ
(2)
1 (b
r
1)
−1gr2b
r
2), (g
r
2) and (b
r
1) converge so that the sequence (b
r
2) also
converges. By continuing this process, we show that the action Φj is proper. 
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For a complex manifold M with a free and proper action of a group G, the orbit space M/G is a complex
manifold, see [Huy05, Proposition 2.1.13]. Hence by Lemma 2.7, the orbit space
(2.9) F quoj := (GL(n1 + 1)× · · · ×GL(nj + 1))/Φj
is a complex manifold, where Φj is the action defined in (2.8). Since χ(HGL(n1+1) × · · · × HGL(nj+1))
∼=
Zn1+1 × · · · ×Znj+1, for each integer vector (a1, . . . , aj) ∈ Zn1+1 × · · · ×Znj+1 we can define a holomorphic
line bundle over F quoj as follows:
(2.10) ξ(a1, . . . , aj) := (GL(n1 + 1)× · · · ×GL(nj + 1)× C)/(BGL(n1+1) × · · · ×BGL(nj+1))
where the right action is
(g1, . . . , gj , v) · (b1, . . . , bj) :=
(
Φj((g1, . . . , gj), (b1, . . . , bj)), b
−a1
1 · · · b
−aj
j v
)
.
Now we have the following proposition.
Proposition 2.8. Let (A
(j)
ℓ )1≤ℓ<j≤m ∈
∏
1≤ℓ<j≤mM(nj+1)×(nℓ+1)(Z) be a sequence of integer matrices, and
let F quoj := (GL(n1 +1)× · · · ×GL(nj +1))/Φj be the orbit space define in (2.9) for j = 1, . . . ,m. Then we
have the bundle map ϕj which is a holomorphic diffeomorphism:
ϕj : F
quo
j → Fℓ
(
nj+1⊕
k=1
ξ(a
(j)
k,1, . . . , a
(j)
k,j−1)
)
for j = 1, . . . ,m,
where a
(j)
k,ℓ is the kth row vector of the matrix A
(j)
ℓ for ℓ = 1, . . . , j − 1. In particular {F
quo
j | j = 0, . . . ,m}
is a flag Bott tower of height m.
To prove this proposition, we need the following lemma:
Lemma 2.9. Let ξ(j) :=
⊕nj+1
k=1 ξ(a
(j)
k,1, . . . , a
(j)
k,j−1) be a vector bundle over F
quo
j−1 where a
(j)
k,ℓ is the kth row
vector of the matrix A
(j)
ℓ for ℓ = 1, . . . , j − 1. Then on the fiber (ξ
(j))[g1,...,gj−1 ] over a point [g1, . . . , gj−1] ∈
F quoj−1, following two vectors are identified:
(v1, . . . , vnj+1) ∼
(
b
−a
(j)
1,1
1 · · · b
−a
(j)
1,j−1
j−1 v1, . . . , b
−a
(j)
nj+1,1
1 · · · b
−a
(j)
nj+1,j−1
j−1 vnj+1
)
for (b1, . . . , bj−1) ∈ BGL(n1+1) × · · · ×BGL(nj−1+1).
Proof. On the fiber ξ(a
(j)
k,1, . . . , a
(j)
k,j−1)[g1,...,gj−1 ], two vectors vk and b
−a
(j)
k,1
1 · · · b
−a
(j)
k,j−1
j−1 vk are identified for
any (b1, . . . , bj−1) ∈ BGL(n1+1)×· · ·×BGL(nj−1+1) by the definition of the line bundle ξ(a
(j)
k,1, . . . , a
(j)
k,j−1) for
k = 1, . . . , nj + 1. This proves the lemma. 
Proof of Proposition 2.8. By the definition of the action Φj , we have the following fibration structure:
GL(nj + 1)/BGL(nj+1) →֒ F
quo
j → F
quo
j−1.
Since GL(nj + 1)/BGL(nj+1)
∼= Fℓ(nj + 1), the manifold F
quo
j is a Fℓ(nj + 1)-fibration over F
quo
j−1. For
simplicity, let ξ(j) :=
⊕nj+1
k=1 ξ(a
(j)
k,1, . . . , a
(j)
k,j−1). Consider the map ϕj : F
quo
j → Fℓ(ξ
(j)) defined by
[g1, . . . , gj−1, gj ] 7→ ([g1, . . . , gj−1], V•).
Here V• = (V1 ( V2 ( · · · ( Vnj ( (ξ
(j))[g1,...,gj−1]) is the full flag such that the vector space Vk is spanned
by the first k columns of gj . It is enough to check that the map ϕj is well-defined. We have that
[Φj((g1, . . . , gj−1, gj), (b1, . . . , bj−1, bj))] 7→ ([Φj−1((g1, . . . , gj−1), (b1, . . . , bj−1))], V
′
•)
= ([g1, . . . , gj−1], V
′
•)
for (b1, . . . , bj−1, bj) ∈ BGL(n1+1) × · · · × BGL(nj−1+1) × BGL(nj+1). Here V
′
• = (V
′
1 ( V
′
2 ( · · · ( V
′
nj
(
(ξ(j))[g1,...,gj−1] is the full flag whose vector space V
′
k is spanned by the first k columns of the matrix
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Λ
(j)
1 (b1)
−1 · · ·Λ
(j)
j−1(bj−1)
−1gj. We have
(2.11)
Λ
(j)
1 (b1)
−1 · · ·Λ
(j)
j−1(bj−1)
−1(v1, . . . , vnj+1)
T =
(
b
−a
(j)
1,1
1 · · · b
−a
(j)
1,j−1
j−1 v1, . . . , b
−a
(j)
nj+1,1
1 · · · b
−a
(j)
nj+1,j−1
j−1 vnj+1
)T
for any column vector (v1, . . . , vnj+1)
T , and the vector on the right hand side of the equation (2.11) can be
identified with (v1, . . . , vnj+1)
T on the fiber (ξ(j))[g1,...,gj−1 ] by Lemma 2.9. Hence the map ϕj is well-defined,
and the result follows. 
Example 2.10. For n1 = 2, n2 = 1, and n3 = 1, let
A
(2)
1 =
[
c1 c2 0
0 0 0
]
, A
(3)
1 =
[
d1 d2 0
0 0 0
]
, A
(3)
2 =
[
f1 0
0 0
]
.
Let Φj be the right action of BGL(n1+1) × · · · × BGL(nj+1) on GL(n1 + 1) × · · · × GL(nj + 1) in (2.8) for
j = 1, 2, 3. Then, by Proposition 2.8, the following flag Bott tower {Fj | j = 0, 1, 2, 3} is isomorphic to
{F quoj := (GL(n1 + 1)× · · · ×GL(nj + 1))/Φj | j = 0, 1, 2, 3} as flag Bott towers.
ξ((d1, d2, 0), (f1, 0))⊕ C ξ(c1, c2, 0)⊕ C
Fℓ (ξ ((d1, d2, 0), (f1, 0))⊕ C) Fℓ (ξ (c1, c2, 0)⊕ C) Fℓ(3) {a point}
F3 F2 F1 F0
The line bundle ξ((d1, d2, 0), (f1, 0)) over F2 is (GL(3) × GL(2) × C)/(BGL(3) × BGL(2)), where the right
action of BGL(3) ×BGL(2) is
(g1, g2, v) · (b1, b2) :=
(
Φ2((g1, g2), (b1, b2)), b
−(d1,d2,0)
1 b
−(f1,0)
2 v
)
. 
Let FBT quom be the set of isomorphism classes of flag Bott towers of height m which are obtained from
the orbit space construction as in (2.9), and let FBT m is the set of isomorphism classes of flag Bott towers
of height m. Then by Proposition 2.8 we have the inclusion.
FBT quom ⊂ FBT m.
The following proposition shows the equality FBT quom = FBT m, whose proof will be given in Subsection 2.3.
Proposition 2.11. Let {Fj | j = 0, . . . ,m} be a flag Bott tower of height m. Then there is a sequence of
integer matrices (A
(j)
ℓ )1≤ℓ<j≤m ∈
∏
1≤ℓ<j≤mM(nj+1)×(nℓ+1)(Z) such that {Fj | j = 0, . . . ,m} is isomorphic
to
{(GL(n1 + 1)× · · · ×GL(nj + 1))/Φj | j = 0, . . . ,m}
as flag Bott towers, where Φm is the right action defined in (2.8). Namely FBT
quo
m = FBT m.
2.3. Tautological Filtration over a Flag Bott Manifold. In this subsection, we study holomorphic
line bundles over a flag Bott manifold. For j = 1, . . . ,m, there is a universal or tautological filtration of
subbundles
(2.12) 0 = Uj,0 ⊂ Uj,1 ⊂ Uj,2 ⊂ · · · ⊂ Uj,nj ⊂ Uj,nj+1 = p
∗
jξ
(j)
on Fj = Fℓ(ξ(j)), where we put ξ(j) :=
⊕nj+1
k=1 ξ
(j)
k for simplicity. Over a point
(p, V•) =
(
p, (V0 ⊂ V1 ⊂ · · · ⊂ Vnj ⊂ (ξ
(j))p)
)
of Fj for p ∈ Fj−1, the fiber of the subbundle Uj,k is the vector space Vk of the flag V• for k = 1, . . . , nj +1.
Hence we have the quotient line bundle Uj,k/Uj,k−1 over Fj for k = 1, . . . , nj + 1. The following lemma
states that using these line bundles, we can express any holomorphic line bundle over a flag Bott manifold.
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Lemma 2.12. Let {Fj | j = 0, . . . ,m} be a flag Bott tower. We have the following surjective group
homomorphism:
ψ : Zn1+1 × · · · × Znj+1 ։ Pic(Fj)
for j = 1, . . . ,m which maps an integer vector (a1, . . . , aj) ∈ Zn1+1 × · · · × Znj+1 to
(2.13) ψ(a1, . . . , aj) :=
j−1⊗
ℓ=1
nℓ+1⊗
k=1
(p∗j ◦ · · · ◦ p
∗
ℓ+1(Uℓ,k/Uℓ,k−1))
⊗aℓ(k) ⊗
nj+1⊗
k=1
(Uj,k/Uj,k−1)
⊗aj(k).
Proof. Recall from [BT82, Proposition 21.17] that the degree 2 cohomology group H2(Fj ;Z) is generated by
the first Chern classes of line bundles
{Uj,k/Uj,k−1 | k = 1, . . . , nj + 1} ∪
j−1⋃
ℓ=1
{
p∗j ◦ · · · ◦ p
∗
ℓ+1(Uℓ,k/Uℓ,k−1) | k = 1, . . . , nℓ + 1
}
for j = 1, . . . ,m. Therefore any complex line bundle over Fj can be expressed as a tensor product of these
line bundles as in (2.13). Hence it is enough to show that the cycle map c1 : Pic(Fj) → H2(Fj ;Z) is an
isomorphism. We recall that the cycle map Pic(X) → H2(X ;Z) is an isomorphism for a full flag manifold
X . Also for the full flag bundle X over a smooth variety Y , if the cycle map for Y is an isomorphism, then
the cycle map for X is also an isomorphism, see [Ful98, Example 19.1.11]. This proves that the cycle map
c1 : Pic(Fj)→ H2(Fj ;Z) is an isomorphism for j = 1, . . . ,m. 
For a flag Bott tower {F quoj | j = 0, . . . ,m} in FBT
quo
m , we have the following lemma.
Lemma 2.13. For a sequence of integer matrices (A
(j)
ℓ )1≤ℓ<j≤m ∈
∏
1≤ℓ<j≤mM(nj+1)×(nℓ+1)(Z), let {F
quo
j |
j = 0, . . . ,m} be the flag Bott tower defined as in (2.9). For a tautological filtration Uj,0 ⊂ Uj,1 ⊂ · · · ⊂
Uj,nj+1 over F
quo
j in (2.12), we have that
Uj,k/Uj,k−1 = ξ(0, . . . ,0, ek),
where ek is the kth standard basis vector in Znj+1. Indeed, for an integer vector (a1, . . . , aj) ∈ Zn1+1×· · ·×
Znj+1, we have that ξ(a1, . . . , aj) ∼= ψ(a1, . . . , aj), where ξ(a1, . . . , aj) is defined in (2.10) and ψ(a1, . . . , aj)
is defined in (2.13).
Proof. From Proposition 2.8 that the j-stage flag Bott manifold F quoj is the induced flag bundle Fℓ(ξ
(j))
over F quoj−1, where ξ
(j) =
⊕nj+1
k=1 ξ(a
(j)
k,1, . . . , a
(j)
k,j−1) and a
(j)
k,ℓ is the kth row vector of the matrix A
(j)
ℓ for
ℓ = 1, . . . , j − 1. Consider a point x = [g1, . . . , gj ] in F
quo
j . Because of the bundle structure F
quo
j =
Fℓ(ξ(j))
pj
−→ F quoj−1, this point x can be considered as a full flag V• =
(
V1 ( V2 ( · · · ( Vnj ( (ξ
(j))pj(x)
)
,
where (ξ(j))pj(x) is the fiber over pj(x). The fiber of Uj,k at x is the vector space Vk ⊂ (ξ
(j))pj(x) spanned
by the first k column vectors v1, . . . ,vk ∈ (ξ(j))pj(x) of gj ∈ GL(nj + 1). Hence the fiber of Uj,k/Uj,k−1 at
x is Vk/Vk−1, which is spanned by the vector vk ∈ (ξ(j))pj(x).
For the line bundle L := ξ(0, . . . ,0, ek)→ F
quo
j , we claim that the following map L→ Uj,k/Uj,k−1 gives
a desired isomorphism between line bundles:
[g1, . . . , gj, t] 7→ ([g1, . . . , gj], tvk) .
It is enough to check that this map is well-defined. For any (b1, . . . , bj) ∈ BGL(n1+1) × · · · × BGL(nj+1), we
have that
[Φj((g1, . . . , gj), (b1, . . . , bj)), b
−ek
j t] 7→ ([Φj((g1, . . . , gj), (b1, . . . , bj))], b
−ek
j tv
′
k) =
(
[g1, . . . , gj ], b
−ek
j tv
′
k
)
,
where v′k is the kth column vector of the matrix Λ
(j)
1 (b1)
−1 · · ·Λ
(j)
j−1(bj−1)
−1gjbj . Hence we have
v′k = (Λ
(j)
1 (b1)
−1 · · ·Λ
(j)
j−1(bj−1)
−1vk)b
ek
j = b
ek
j Λ
(j)
1 (b1)
−1 · · ·Λ
(j)
j−1(bj−1)
−1vk,
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which spans the fiber of Uj,k/Uj,k−1 over the point Φj((g1, . . . , gj), (b1, . . . , bj)) ∈ Fj . Let (v1, . . . , vnj+1)
T
denote the column vector vk. Then we have that
b−ekj tv
′
k = b
−ek
j tb
ek
j Λ
(j)
1 (b1)
−1 · · ·Λ
(j)
j−1(bj−1)
−1vk
= t(b
−a
(j)
1,1
1 · · · b
−a
(j)
1,j−1
j−1 v1, . . . , b
−a
(j)
nj+1,1
1 · · · b
−a
(j)
nj+1,j−1
j−1 vnj+1)
T
∼ t(v1, . . . , vnj+1)
T
= tvk
where the equivalence comes from Lemma 2.9. The second statement of the lemma follows immediately from
the first, hence the result follows. 
By above two lemmas, we can prove Proposition 2.11.
Proof of Proposition 2.11. We prove the proposition using the induction argument on the height of a flag
Bott tower. When the height is 1, then it is obvious that any full flag manifold can be described as the orbit
space GL(n1 + 1)/BGL(n1+1).
Assume that the proposition holds for j < m, i.e., we have that FBT quoj = FBT j for j < m. For
a flag Bott tower Fm of height m, by the induction hypothesis, we have a sequence of integer matrices
(A
(j)
ℓ )1≤ℓ<j≤m−1 ∈
∏
1≤ℓ<j≤m−1M(nj+1)×(nℓ+1)(Z) such that Fm−1 is isomorphic to the orbit
(GL(n1 + 1)× · · · ×GL(nm−1 + 1))/Φm−1
as flag Bott towers, where Φm−1 is the right action defined in (2.8). To prove the claim, it is enough to find
suitable integer matrices A
(m)
1 , . . . , A
(m)
m−1 such that (A
(j)
ℓ )1≤ℓ<j≤m gives the flag Bott tower Fm.
Let Fm = Fℓ
(⊕nm+1
k=1 ξ
(m)
k
)
, where ξ
(m)
k is a holomorphic line bundle over Fm−1. By Lemma 2.12, there
exists a suitable integer vector
(
a
(m)
k,1 , . . . , a
(m)
k,m−1
)
∈ Zn1+1 × · · · × Znm−1+1 such that
ψ
(
a
(m)
k,1 , . . . , a
(m)
k,m−1
)
= ξ
(m)
k for k = 1, . . . , nm + 1.
Moreover, by the induction hypothesis, the (m− 1)-stage flag Bott manifold Fm−1 can be expressed as the
orbit (GL(n1 + 1)× · · · ×GL(nm−1 + 1))/Φm−1. Hence by Lemma 2.13, we have that
ξ
(m)
k = ψ(a
(m)
k,1 , . . . , a
(m)
k,m−1) = ξ(a
(m)
k,1 , . . . , a
(m)
k,m−1).
Consider the integer matrix A
(m)
ℓ ∈ M(nm+1)×(nℓ+1)(Z) whose row vectors are a
(m)
1,ℓ , . . . , a
(m)
nm+1,ℓ
for ℓ =
1, . . . ,m − 1. Let F quom be the flag Bott manifold determined by integer matrices (A
(j)
ℓ )1≤ℓ<j≤m. Then by
Proposition 2.8, we have the following bundle map ϕ which is a holomorphic diffeomorphism:
ϕ : F quom → Fℓ
(
nm+1⊕
k=1
ξ(a
(m)
k,1 , . . . , a
(m)
k,m−1)
)
= Fm. 
Remark 2.14 (Description of Fm using compact Lie groups). Using the compact subgroups U(nj + 1) ⊂
GL(nj + 1) and the compact maximal torus T
nj+1 ⊂ HGL(nj+1) for j = 1, . . . ,m, consider the following
orbit space:
(U(n1 + 1)× · · · × U(nm + 1))/(T
n1+1 × · · · × T nm+1),
where the right action is defined by
(g1, . . . , gm) · (t1, . . . , tm) = (g1t1,Λ
(2)
1 (t1)
−1g2t2,Λ
(3)
1 (t1)
−1Λ
(3)
2 (t2)
−1g3t3, . . . ,
Λ
(m)
1 (t1)
−1Λ
(m)
2 (t2)
−1 · · ·Λ
(m)
m−1(tm−1)
−1gmtm).
(2.14)
Then the above manifold is a compact manifold which is diffeomorphic to Fm since U(n + 1)/T
n+1 is
diffeomorphic to GL(n+ 1)/BGL(n+1). We will also use this description for Fm. 
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Remark 2.15. Let Fm be the m-stage flag Bott manifold defined by a set of integer matrices {A
(j)
ℓ ∈
M(nj+1)×(nℓ+1)(Z) | 1 ≤ ℓ < j ≤ m}. Every flag Bott manifold is a CP -tower. Hence using Borel–Hirzebruch
formula, the cohomology ring and the equivariant cohomology ring with respect to the torus action defined
in Section 3.1 of Fm can be computed. The explicit formula is given in [KKLS] in terms of integer matrices
{A
(j)
ℓ ∈M(nj+1)×(nℓ+1)(Z) | 1 ≤ ℓ < j ≤ m}.
2.4. Tangent Bundle of Fm. In this subsection, we study the tangent bundle of a flag Bott manifold using
a principal connection of a principal bundle. For more details, see [Spi79, Chapter 8, Addendum 3]. For a
principal H-bundle π : P → B, there is a natural sequence of bundles
0→ V → TP → π∗TB → 0,
where π∗TB is the pullback of the tangent bundle TB along π, and V = {v ∈ TP | π∗v = 0} is the vertical
subbundle. Here, we consider the H-principal bundle P → B with the right action. Alternatively if we let
op : H → H(p) be the orbit map which maps H onto its orbit through p ∈ P , then
(2.15) Vp = (op)∗Lie(H).
A principal connection H is a subbundle of TP such that for p ∈ P ,
• TpP = Vp ⊕Hp,
• (Φh)∗Hp = HΦh(p) where Φh is the right action by h ∈ H , and
• Hp varies smoothly with respect to p ∈ P .
Because of the first property of principal connection, we have that π∗(Hp) = Tπ(p)B.
For convenience, let T denote the product of compact tori T n1+1 × · · · × T nm+1. By Remark 2.14, an
m-stage flag Bott manifold Fm can be described as the orbit of the right action in (2.14), i.e.,
Fm = (U(n1 + 1)× · · · × U(nm + 1))/T.
Since T acts freely on the space U(n1 + 1)× · · · × U(nm + 1), we have the principal T-bundle
(2.16) U(n1 + 1)× · · · × U(nm + 1)
π
−→ Fm.
We describe the vertical subbundle V of the above principal bundle (2.16). For j = 1, . . . ,m, let u(nj+1),
respectively tnj+1, denote the Lie algebra of U(nj + 1), respectively T
nj+1 ⊂ U(nj + 1). For a point
g = (g1, . . . , gm) ∈ U(n1 + 1)× · · · × U(nm + 1), define
(Lg−1)∗ := (Lg−11
)∗ × · · · × (Lg−1m )∗ : Tg(U(n1 + 1)× · · · × U(nm + 1))→ u(n1 + 1)⊕ · · · ⊕ u(nm + 1),
where Lgj is the left translation by gj for j = 1, . . . ,m. Then (Lg−1)∗ is an isomorphism, so that we have
the trivialization:
(U(n1 + 1)× · · · × U(nm + 1))× (u(n1 + 1)⊕ · · · ⊕ u(nm + 1)) ∼= T (U(n1 + 1)× · · · × U(nm + 1)).
For the principal bundle (2.16), it follows from (2.15) that the fiber of the vertical subbundle V at a point g
is
Vg = (og)∗(t
n1+1 ⊕ · · · ⊕ tnm+1),
where og : T→ T(g) is the orbit map. For a given t = (t1, . . . , tm) ∈ t
n1+1 ⊕ · · · ⊕ tnm+1, take a path
γ : (−ε, ε)→ T n1+1 × · · · × T nm+1
s 7→ (t1(s), . . . , tm(s))
such that γ(0) = 1, tj(s) ∈ T nj+1 and
d
ds
γ(s)|s=0 = t. For a point g ∈ U(n1 + 1) × · · · × U(nm + 1) and
t ∈ T, let g · t denote the right action of T in (2.14). Then we have the following:
(Lg−1)∗(og)∗t =
d
ds
Lg−1(g · γ(s))|s=0
=
d
ds
(
t1(s), g
−1
2 Λ
(2)
1 (t1(s))
−1g2t2(s), . . . , g
−1
m Λ
(m)
1 (t1(s))
−1 · · ·Λ
(m)
m−1(tm−1(s))
−1gmtm(s)
)∣∣∣∣
s=0
=
(
t1, t2 −Adg−12
(
A
(2)
1 (t1)
)
, . . . , tm −Adg−1m
(
A
(m)
1 (t1) + · · ·+ A
(m)
m−1(tm−1)
))
.
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Here Adg(X) = gXg
−1, i.e., the usual adjoint representation of U(nj + 1) on u(nj + 1). Therefore we see
that the vertical subbundle V is the image of the injective map:
(U(n1 + 1)× · · · × U(nm + 1))× (t
n1+1 ⊕ · · · ⊕ tnm+1)
→ (U(n1 + 1)× · · · × U(nm + 1))× (u(n1 + 1)⊕ · · · ⊕ u(nm + 1)),
where ((g1, . . . , gm), (t1, . . . , tm)) maps to(
(g1, . . . , gm),
(
t1, t2 −Adg−12
(
A
(2)
1 (t1)
)
, . . . , tm −Ad(g
−1
m )
(
A
(m)
1 (t1) + · · ·+A
(m)
m−1(tm−1)
)))
.
Now we describe a principal connection. Let mj ⊂ u(nj + 1) be the subspace of matrices with the zero
diagonals. Then mj is invariant under the adjoint action of T
nj+1. It is known that every compact connected
Lie group admits a bi-invariant metric, see [Boo86, Corollary VI.3.7]. With an appropriate choice of metric,
mj is the orthogonal complement to t
nj+1 ⊂ u(nj + 1).
Proposition 2.16. At the identity point (e, . . . , e) ∈ U(n1+1)×· · ·×U(nm+1) choose the horizontal space
He := m1⊕· · ·⊕mm ⊂ u(n1+1)⊕· · ·⊕u(nm+1). For a point g = (g1, . . . , gm) ∈ U(n1+1)×· · ·×U(nm+1),
define Hg ⊂ Tg(U(n1 + 1)× · · · × U(nm + 1)) by
Hg := ((Lg1)∗ × · · · × (Lgm)∗)(m1 ⊕ · · · ⊕mm).
Then H is a connection.
Proof. First we need to show that for each point g ∈ U(n1 + 1)× · · · × U(nm + 1), we have that Hg ⊕ Vg =
Tg(U(n1 + 1)× · · · × U(nm + 1)). We claim that Vg ∩ Hg = {0}. Suppose that (og)∗(t) is contained in Hg
for some t = (t1, . . . , tm) ∈ t
n1+1 ⊕ · · · ⊕ tnm+1. This implies that(
t1, t2 −Adg−12
(
A
(2)
1 (t1)
)
, . . . , tm −Adg−1m
(
A
(m)
1 (t1) + · · ·+A
(m)
m−1(tm−1)
))
∈ m1 ⊕ · · · ⊕mm.
In particular, t1 ∈ m1, but it is also contained in t
n1+1. Since m1 ∩ tn1+1 = {0}, we have that t1 = 0.
Continuing in this manner we conclude that Vg ∩ Hg = {0}, and hence by the dimension reason, we have
Hg ⊕ Vg = Tg(U(n1 + 1)× · · · × U(nm + 1)).
Secondly, define the map Φt : U(n1 + 1) × · · · × U(nm + 1) → U(n1 + 1) × · · · × U(nm + 1) as the right
translation by t as defined in (2.14). For an element t = (t1, . . . , tm) ∈ T
n1+1 × · · · × T nm+1, we claim that
(Φt)∗Hg = HΦt(g). For any (x1, . . . , xm) ∈ U(n1 + 1)× · · · × U(nm + 1), we have the following:
(Φt ◦ Lg)(x1, . . . , xm)
= Φt(g1x1, . . . , gmxm)
= (g1x1t1,Λ
(2)
1 (t1)
−1g2x2t2, . . . ,Λ
(m)
1 (t1)
−1 · · ·Λ
(m)
m−1(tm−1)
−1gmxmtm)
= (g1t1(t
−1
1 x1t1),Λ
(2)
1 (t1)
−1g2t2(t
−1
2 x2t2), . . . ,Λ
(m)
1 (t1)
−1 · · ·Λ
(m)
m−1(tm−1)
−1gmtm(t
−1
m xmtm))
= LΦt(g)(t
−1
1 x1t1, . . . , t
−1
m xmtm).
(2.17)
This gives (Φt)∗Hg = HΦt(g) since mj is invariant under the adjoint action of T
nj+1 for j = 1, . . . ,m.
Finally since the left multiplication varies smoothly with (g1, . . . , gm) ∈ U(n1+1)× · · · ×U(nm+1), this
defines a connection. 
As a corollary of Proposition 2.16 we have the following description of the tangent bundle of Fm:
Proposition 2.17. The tangent bundle of Fm is isomorphic to
(U(n1 + 1)× · · · × U(nm + 1))×T
m⊕
j=1
mj ,
where the following elements are identified:
(2.18) (g1, . . . , gm;X1, . . . , Xm) ∼
(
(g1, . . . , gm) · (t1, . . . , tm);Adt−11
X1, . . . ,Adt−1m Xm
)
for (t1, . . . , tm) ∈ T. Here (g1, . . . , gm) · (t1, . . . , tm) is as defined in (2.14).
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Proof. Let ϕ : (U(n1 + 1) × · · · × U(nm + 1)) ×T
⊕m
j=1mj → TFm be the map defined by ϕ([g;X ]) =
([g], (π∗ ◦ (Lg)∗(X))). We claim that the map ϕ is a bundle isomorphism. Because of the property of a
principal connection and by the definition of H, we have that (π∗ ◦ (Lg)∗(X)) ∈ T[g]Fm. It is enough to
check that the map ϕ is well-defined. For t = (t1, . . . , tm) ∈ T, an element
[
Φt(g); Adt−11
X1, . . . ,Adt−1m Xm
]
maps to
(
[Φt(g)], (π∗ ◦ (LΦt(g))∗)(Adt−11
X1, . . . ,Adt−1m Xm)
)
. From (2.17), we can see that
(LΦt(g))∗
(
Adt−11
X1, . . . ,Adt−1m Xm
)
= (Φt)∗ ◦ (Lg)∗(X1, . . . , Xm).
Because π ◦ Φt = π, we have that π∗ ◦ (Φt)∗ = π∗. This implies that the map ϕ is well-defined. 
3. GKM Descriptions of Flag Bott Manifolds
Let Fm be an m-stage flag Bott manifold. In Subsection 3.1, we define the canonical torus action on Fm
and by studying this action more carefully, we conclude that a flag Bott manifold Fm is a GKM manifold
with the canonical action in Theorem 3.6.
3.1. Torus Action. Let Fm be an m-stage flag Bott manifold. For j = 1, . . . ,m, let H = HGL(n1+1)× · · ·×
HGL(nm+1) act on Fj by
(h1, . . . , hm) · [g1, . . . , gj ] := [h1g1, . . . , hmgm]
for (h1, . . . , hm) ∈ H and [g1, . . . , gj ] ∈ Fj . Then Fj → Fj−1 is H-equivariant fiber bundle. Let T ⊂ H be the
compact torus of real dimension
∑m
j=1(nj +1). Note that the torus H acts holomorphically but does not act
effectively on Fm. If we write hj = diag(hj,1, . . . , hj,nj+1) ∈ GL(nj + 1), the subtorus
H := {(h1, . . . , hm) ∈ H | h1,n1+1 = · · · = hm,nm+1 = 1} ∼= (C
∗)n1+···+nm
acts effectively on Fm. Let T ⊂ H denote the compact torus of real dimension n1+ · · ·+ nm. In this paper,
we call the action of these tori the canonical H (T, H or T)-action on Fm. For a space X with a G-action,
we write (X,G) for this G-space X when we need to emphasize the acting group.
Remark 3.1. The complex dimension of an m-stage flag Bott manifold Fm is
n1(n1+1)
2 + · · · +
nm(nm+1)
2
while the complex dimension of the torus H, which acts effectively on the manifold Fm, is n1 + · · · + nm.
Furthermore it is shown in [Kur17] that
∑m
j=1 nj is the highest dimension of a torus which can act on Fm
effectively. They are equal if and only if n1 = · · · = nm = 1, which is the case when a flag Bott manifold is
a Bott manifold, see Example 2.2-(3). 
Example 3.2. A 1-stage flag Bott manifold is the flag manifold Fℓ(n + 1) = GL(n+ 1)/BGL(n+1). Then
the canonical torus action of H = HGL(n+1) on the flag manifold Fℓ(n+1) is the left multiplication. In this
case, it is well known that the fixed point set can be identified with the symmetric group Sn+1, see [Ful97,
Subsection 10.1]. For a given permutation w ∈ Sn+1, let w˙ denote the column permutation matrix, i.e., w˙
is an element in GL(n+ 1) whose (w(k), k)-entries are 1 for k = 1, . . . , n+ 1, and all others are zero. Then
the fixed point set is {[w˙] ∈ GL(n+ 1)/BGL(n+1) | w ∈ Sn+1}. 
This property can be extended to the canonical action of H on Fm.
Proposition 3.3. Let Fm be an m-stage flag Bott manifold with the action of H. Then the fixed point set
is identified with the product of symmetric groups Sn1+1 × · · · × Snm+1. More precisely, for permutations
(w1, . . . , wm) ∈ Sn1+1 × · · · × Snm+1, the corresponding fixed point in Fm is [w˙1, . . . , w˙m], where w˙j ∈
GL(nj + 1) is the column permutation matrix of wj . 
3.2. Tangential Representations of Flag Bott Manifolds. In this subsection, we study the tangential
representations of a flag Bott manifold Fm at the fixed points corresponding to the (noneffective) canonical
action of T in Proposition 3.5. Recall the definition of GKM manifolds from [GKM98] and [GZ01].
Definition 3.4. Let T be the compact torus of dimension n, t its Lie algebra, and M a compact manifold
of real dimension 2d with an effective action of T . We say that a pair (M,T ) is a GKM manifold if
(1) the fixed point set MT is finite,
(2) M possesses a T -invariant almost-complex structure, and
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(3) for every p ∈MT , the weights
αi,p ∈ t
∗ i = 1, . . . , d
of the isotropy representation TpM of T are pairwise linearly independent.
By considering the effective canonical action of T on Fm, we will see that (Fm,T) is a GKM manifold in
Theorem 3.6. For this, we first need to compute the tangential representations of a flag Bott manifold Fm
at fixed points. From Proposition 2.17, the tangent bundle TFm of a flag Bott manifold Fm is isomorphic to
(U(n1 + 1)× · · · × U(nm + 1))×T
m⊕
j=1
mj ,
where mj ⊂ u(nj + 1) is the subspace of matrices with the zero diagonals for j = 1, . . . ,m. For an element
(w1, . . . , wm) ∈ Sn1+1 × · · · × Snm+1, the corresponding fixed point in the flag Bott manifold Fm is w˙ :=
[w˙1, . . . , w˙m]. To describe the tangential representation Tw˙Fm of T, it is enough to find homomorphisms
fj : T→ T nj+1 satisfying that for j = 1, . . . ,m
[t1w˙1, . . . , tmw˙m;X1, . . . , Xm] = [w˙1, . . . , w˙m; Adf1(t1,...,tm)X1,Adf2(t1,...,tm)X2, . . . ,Adfm(t1,...,tm)Xm].
Before computing the homomorphisms fj, let us recall the adjoint action of T on mj . Let E(r,s) be an
element of gl(nj + 1) whose (r, s)-entry is 1 and all others are zero. Now we have mj ∼= spanC{zE(r,s) +
(−z)E(s,r) | z ∈ C, 1 ≤ s < r ≤ nj + 1}. Denote the standard basis of Lie(T)∗ ∼= R
∑m
j=1(nj+1) by
(3.1) {ε∗1,1, . . . , ε
∗
1,n1+1, . . . , ε
∗
m,1, . . . , ε
∗
m,nm+1}.
With respect to this basis, let A be the integer matrix of size (nj + 1)×
(∑m
j=1(nj + 1)
)
whose row vectors
cj,1, . . . , cj,nj+1 are weights of the homomorphism fj, so that for an element t ∈ T,
(3.2) fj : t 7→ diag (t
cj,1 , . . . , tcj,nj+1) .
Since Adfj(t)E(r,s) = t
cj,r−cj,sE(r,s), using the weight vectors {cj,k}, we can describe that
mj ∼=
⊕
1≤s<r≤nj+1
V (cj,r − cj,s),
where V (cj,r − cj,s) is the 1-dimensional T-representation with the weight cj,r − cj,s ∈ Zn1+1⊕ · · ·⊕Znm+1.
For an integer matrix A, we define
V (A) :=
⊕
1≤s<r≤nj+1
V (cj,r − cj,s).
Using this notation, we have the following proposition whose proof will be given at the end of this subsection.
Proposition 3.5. Let Fm be the m-stage flag Bott manifold defined by a set of integer matrices {A
(j)
ℓ ∈
M(nj+1)×(nℓ+1)(Z) | 1 ≤ ℓ < j ≤ m}. Consider the (noneffective) canonical T-action on Fm. For a fixed
point w˙ = [w˙1, . . . , w˙m] ∈ Fm, the tangential T-representation is Tw˙Fm ∼=
⊕m
j=1mj, where
(3.3) mj ∼= V
([
X
(j)
1 X
(j)
2 · · · X
(j)
j−1 Bj O · · · O
])
.
Here X
(j)
ℓ is the matrix of size (nj + 1)× (nℓ + 1) defined by
(3.4) X
(j)
ℓ =
∑
ℓ<i1<···<ir<j
(
BjA
(j)
ir
)(
BirA
(ir)
ir−1
)
· · ·
(
Bi1A
(i1)
ℓ
)
Bℓ +BjA
(j)
ℓ Bℓ for 1 ≤ ℓ < j ≤ m,
and Bj is the row permutation matrix corresponding to wj, i.e., Bj = (w˙j)
T . Furthermore, the weights of
the isotropy representation of T on Tw˙Fm are pairwise linearly independent.
By considering the effective canonical action of T on Fm, the fixed point set is finite because of Propo-
sition 3.3. Also the canonical action of T on Fm is holomorphic, see Subsection 3.1. As a corollary of
Proposition 3.5, we have the following theorem.
Theorem 3.6. Let Fm be an m-stage flag Bott manifold with the effective canonical action of T. Then
(Fm,T) is a GKM manifold.
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Example 3.7. Suppose that the flag Bott manifold F1 is Fℓ(3). With the canonical action of the torus
T = (S1)3, there are six fixed points {[w˙] | w ∈ S3}. Denote the standard basis of Lie((S1)3)∗ ∼= R3 by
{ε∗1, ε
∗
2, ε
∗
3}. Consider an element w˙ in GL(3) corresponding to the permutation w = (231) ∈ S3. Here we
use the one-line notation, i.e., w(1) = 2, w(2) = 3, and w(3) = 1. Then the row permutation matrix B is0 1 00 0 1
1 0 0
 .
Therefore we have the following tangential representation:
T[w˙]F1 = m1 ∼= V (B) = V (ε
∗
3 − ε
∗
2)⊕ V (ε
∗
1 − ε
∗
3)⊕ V (ε
∗
1 − ε
∗
2). 
Example 3.8. Consider a flag Bott tower F2 of height 2 defined by the integer matrix A
(2)
1 =
[
c1 c2 0
0 0 0
]
.
Then F2 is a CP 1-bundle over Fℓ(3). The manifold F2 has the action of (S1)3 × (S1)2, and there are 12
fixed points {[w˙1, w˙2] | w1 ∈ S3, w2 ∈ S2}. Denote the standard basis of Lie((S1)3 × (S1)2)∗ ∼= R3 ⊕ R2
by {ε∗1,1, ε
∗
1,2, ε
∗
1,3, ε
∗
2,1, ε
∗
2,2}. Consider the point w˙ = [w˙1, w˙2] where w1 = e and w2 = (21). Then the
corresponding row permutation matrices are
B1 = I3 =
1 0 00 1 0
0 0 1
 , B2 = [0 11 0
]
.
Hence the matrix X
(2)
1 is
X
(2)
1 = B2A
(2)
1 B1 =
[
0 1
1 0
] [
c1 c2 0
0 0 0
]
=
[
0 0 0
c1 c2 0
]
.
The tangential representation at the point w˙ can be computed as follows:
Tw˙F2 = m1 ⊕m2 ∼= V ([I3 O]) ⊕ V
(
[X
(2)
1 B2]
)
= V
1 0 0 0 00 1 0 0 0
0 0 1 0 0
⊕ V ([ 0 0 0 0 1
c1 c2 0 1 0
])
= V (ε∗1,2 − ε
∗
1,1)⊕ V (ε
∗
1,3 − ε
∗
1,2)⊕ V (ε
∗
1,3 − ε
∗
1,1)⊕ V (c1ε
∗
1,1 + c2ε
∗
1,2 + ε
∗
2,1 − ε
∗
2,2). 
Example 3.9. Consider a flag Bott tower of height 3 with n1 = 2, n2 = 1, and n3 = 1 which is defined by
A
(2)
1 =
[
1 2 0
0 0 0
]
, A
(3)
1 =
[
3 4 0
0 0 0
]
, A
(3)
2 =
[
5 0
0 0
]
.
Then the flag Bott manifold F3 has the action of (S
1)3 × (S1)2 × (S1)2, and the set of fixed points is
{[w˙1, w˙2, w˙3] | w1 ∈ S3, w2, w3 ∈ S2}. Denote the standard basis of Lie((S
1)3×(S1)2×(S1)2) ∼= R3⊕R2⊕R2
by {ε∗1,1, ε
∗
1,2, ε
∗
1,3, ε
∗
2,1, ε
∗
2,2, ε
∗
3,1, ε
∗
3,2}. Consider the fixed point w˙ = [w˙1, w˙2, w˙3] where w1 = (312), w2 = e,
and w3 = (21). The corresponding row permutation matrices are
B1 =
0 0 11 0 0
0 1 0
 , B2 = [1 00 1
]
, B3 =
[
0 1
1 0
]
.
We have the following computations of X
(2)
1 , X
(3)
1 , X
(3)
2 :
X
(2)
1 = B2A
(2)
1 B1 =
[
2 0 1
0 0 0
]
,
X
(3)
1 = B3A
(3)
2 B2A
(2)
1 B1 +B3A
(3)
1 B1 =
[
0 0 0
14 0 8
]
,
X
(3)
2 = B3A
(3)
2 B2 =
[
0 0
5 0
]
.
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The tangential representation at the point w˙ can be computed as follows:
Tw˙F3 = m1 ⊕m2 ⊕m3
∼= V ([B1 O O])⊕ V
(
[X
(2)
1 B2 O]
)
⊕ V
(
[X
(3)
1 X
(3)
2 B3]
)
= V
0 0 1 0 0 0 01 0 0 0 0 0 0
0 1 0 0 0 0 0
⊕ V ([2 0 1 1 0 0 0
0 0 0 0 1 0 0
])
⊕ V
([
0 0 0 0 0 0 1
14 0 8 5 0 1 0
])
= V (ε∗1,1 − ε
∗
1,3)⊕ V (ε
∗
1,2 − ε
∗
1,3)⊕ V (ε
∗
1,2 − ε
∗
1,1)
⊕ V (−2ε∗1,1 − ε
∗
1,3 − ε
∗
2,1 + ε
∗
2,2)⊕ V (14ε
∗
1,1 + 8ε
∗
1,3 + 5ε
∗
2,1 + ε
∗
3,1 − ε
∗
3,2). 
Proof of Proposition 3.5. We first note that for any tj = diag(tj,1, . . . , tj,nj+1) ∈ T
nj+1 ⊂ U(nj+1), we have
that w˙−1j tjw˙j = diag(tj,wj(1), tj,wj(2), . . . , tj,wj(nj+1)) ∈ T
nj+1. Let w˜j denote a homomorphism T
nj+1 →
T nj+1 define by w˜j(tj) := w˙
−1
j tjw˙j . Then we have that
(3.5) tjw˙j = w˙jw˙
−1
j tjw˙j = w˙jw˜j(tj).
For the row permutation matrix Bj = (w˙)
T , we have that Bj(tj,1, . . . , tj,nj+1)
T = (tj,wj(1), . . . , tj,wj(nj+1))
T .
Hence Bj is the matrix for the homomorphism w˜j : T
nj+1 → T nj+1.
Consider the case when j = 1. Then we can get
[t1w˙1, . . . , tmw˙m;X1, . . . , Xm] = [w˙1w˜1(t1), t2w˙2, . . . , tmw˙m;X1, . . . , Xm] (by (3.5))
= [(w˙1,Λ
(2)
1 (w˜1(t1))t2w˙2, . . . ,Λ
(m)
1 (w˜1(t1))tmw˙m) · (w˜1(t1), 1, . . . , 1);X1, . . . , Xm] (by (2.14))
= [w˙1, (Λ
(2)
1 ◦ w˜1)(t1)t2w˙2, . . . , (Λ
(m)
1 ◦ w˜1)(t1)tmw˙m; Adw˜1(t1)X1, X2, . . . , Xm] (by (2.18)).
(3.6)
Therefore the homomorphism f1 : T→ T n1+1 in (3.2) is given by (t1, . . . , tm) 7→ w˜1(t1), and
m1 ∼= V ([B1 O · · · O]) .
Hence the proposition holds for j = 1.
We continue the similar computation to (3.6) for the second coordinate as follows. For t = (t1, . . . , tm) ∈ T,
[t1w˙1, t2w˙2, t3w˙3, . . . , tmw˙m;X1, . . . , Xm]
= [w˙1, (Λ
(2)
1 ◦ w˜1)(t1)t2w˙2, (Λ
(3)
1 ◦ w˜1)(t1)t3w˙3, . . . , (Λ
(m)
1 ◦ w˜1)(t1)tmw˙m; Adw˜1(t1)X1, X2, . . . , Xm] (by (3.6))
= [w˙1,Λ
(2)
1 (f1(t))t2w˙2,Λ
(3)
1 (f1(t))t3w˙3, . . . ,Λ
(m)
1 (f1(t))tmw˙m; Adf1(t)X1, X2, . . . , Xm]
(by substituting w˜1(t1) = f1(t))
= [w˙1, w˙2w˜2(Λ
(2)
1 (f1(t))t2),Λ
(3)
1 (f1(t))t3w˙3, . . . ,Λ
(m)
1 (f1(t))tmw˙m; Adf1(t)X1, X2, . . . , Xm] (by (3.5))
= [w˙1, w˙2f2(t),Λ
(3)
1 (f1(t))t3w˙3, . . . ,Λ
(m)
1 (f1(t))tmw˙m; Adf1(t)X1, X2, . . . , Xm]
(by letting f2(t) = w˜2(Λ
(2)
1 (f1(t))t2))
= [w˙1, w˙2,Λ
(3)
2 (f2(t))Λ
(3)
1 (f1(t))t3w˙3, . . . ,Λ
(m)
2 (f2(t))Λ
(m)
1 (f1(t))tmw˙m; Adf1(t)X1,Adf2(t)X2, X3, . . . , Xm]
(by (2.18)).
Continuing this process, we may assume that f1, . . . , fj−1 can be defined so that the following is satisfies for
j > 1:
[t1w˙1, . . . , tjw˙j , . . . ;X1, . . . , Xj , . . .]
= [w˙1, . . . , w˙j−1,Λ
(j)
j−1(fj−1(t))Λ
(j)
j−2(fj−2(t)) · · ·Λ
(j)
1 (f1(t))tjw˙j , . . . ; Adf1(t)X1, . . . ,Adfj−1(t)Xj−1, Xj, . . .].
We now define fj. By considering Λ
(j)
j−1(fj−1(t))Λ
(j)
j−2(fj−2(t)) · · ·Λ
(j)
1 (f1(t))tjw˙j , we get the following:
Λ
(j)
j−1(fj−1(t))Λ
(j)
j−2(fj−2(t)) · · ·Λ
(j)
1 (f1(t))tjw˙j
= w˙jw˜j
(
Λ
(j)
j−1(fj−1(t))Λ
(j)
j−2(fj−2(t)) · · ·Λ
(j)
1 (f1(t))tj
)
(by (3.5))
= w˙j
(
w˜j ◦ Λ
(j)
j−1 ◦ fj−1(t)
)(
w˜j ◦ Λ
(j)
j−2 ◦ fj−2(t)
)
· · ·
(
w˜j ◦ Λ
(j)
1 ◦ f1(t)
)
(w˜j(tj)).
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Therefore one can deduce that the map fj : T→ T nj+1 is given by
t = (t1, . . . , tm) 7→
(
w˜j ◦ Λ
(j)
j−1 ◦ fj−1(t)
)(
w˜j ◦ Λ
(j)
j−2 ◦ fj−2(t)
)
· · ·
(
w˜j ◦ Λ
(j)
1 ◦ f1(t)
)
(w˜j(tj)).
By considering the exponents of the map w˜j ◦Λ
(j)
ℓ ◦ fℓ : T→ T
nj+1 for ℓ = 1, . . . , j − 1, we get the following
matrix of size (nj + 1)× ((n1 + 1) + · · ·+ (nm + 1)):
Bj︸︷︷︸
(nj+1)×(nj+1)
· A
(j)
ℓ︸︷︷︸
(nj+1)×(nℓ+1)
·
[
X
(ℓ)
1 X
(ℓ)
2 · · · X
(ℓ)
ℓ−1 Bℓ O · · · O
]
︸ ︷︷ ︸
(nℓ+1)×((n1+1)+···+(nm+1))
=
[
BjA
(j)
ℓ X
(ℓ)
1 BjA
(j)
ℓ X
(ℓ)
2 · · · BjA
(j)
ℓ X
(ℓ)
ℓ−1 BjA
(j)
ℓ Bℓ O · · · O
]
.
Therefore it is enough to show that
X
(j)
ℓ = BjA
(j)
j−1X
(j−1)
ℓ +BjA
(j)
j−2X
(j−2)
ℓ + · · ·+BjA
(j)
ℓ+1X
(ℓ+1)
ℓ +BjA
(j)
ℓ Bℓ,
which comes from the definition of X
(j)
ℓ . Hence we have the tangential T-representation as in the proposition.
Finally, we claim that the weights of the isotropy representation of T on TwFm are pairwise linearly
independent. For a fixed point w, let c1, c2 ∈ Zn be weights of the tangential T-representation TwFm ∼=⊕m
j=1mj . Assume that the weight c1 comes from mj1 and c2 comes from mj2 for j1 < j2. Then by
the description in (3.3), c1 is a linear combination of {ε∗j,k | j = 1, . . . , j1, k = 1, . . . , nj + 1}. Since
c2 has nonzero coefficients in {ε∗j2,k | k = 1, . . . , nj2 + 1} and j1 < j2, two weights c1 and c2 are linearly
independent. Suppose that both of two weights c1 and c2 come from mj . Then they have nonzero coefficients
in {ε∗j,k | k = 1, . . . , nj + 1} which are determined by the permutation matrix Bj by (3.3). Hence they are
linearly independent, so the result follows. 
3.3. GKM Graphs. In the previous subsection, we showed that a flag Bott manifold (Fm,T) is a GKM
manifold. For a given GKM manifold (M,T ), one can define the following labeled graph (Γ, α), see [GZ01]
for more details.
Definition 3.10. Let (M,T ) be a GKM manifold. The GKM graph (Γ, α) consists of
• vertices: V (Γ) = MT ,
• edges: e : v → w ∈ E(Γ) if and only if there exists a T -invariant embedded two-sphere Xe contains
v, w ∈MT , and
• axial function: for an edge e : v → w, the axial function α maps an edge e to the weight of the
isotropy representation TvXe of T .
For an oriented edge e we write i(e), respectively t(e), the initial, respectively terminal, vertex of e.
Moreover we write e for the oriented edge e with the reversed orientation. For v ∈ V (Γ) we set
E(Γ)v = {e ∈ E(Γ) | i(e) = v}.
For the GKM graph (Γ, α) associated to a GKM manifold (M,T ), a collection θ = {θe} of bijections
θe : E(Γ)i(e) → E(Γ)t(e), e ∈ E(Γ)
satisfying the following conditions can be determined naturally:
(1) (θe)
−1 = θe for e ∈ E(Γ),
(2) θe maps e to e for e ∈ E(Γ), and
(3) for e ∈ E(Γ) and e′ ∈ E(Γ)i(e), there exists c ∈ Z such that α(θe(e′)) = α(e′) + cα(e).
The collection θ = {θe} is called the connection.
In Subsection 3.2, we considered Fm with the noneffective canonical T-action, and expressed the tangential
representation Tw˙Fm in terms of the weights using the standard basis {ε∗1,1, . . . , ε
∗
1,n1+1, . . . , ε
∗
m,1, . . . , ε
∗
m,nm+1}
in (3.1). But in the GKM description, we need to consider the effective canonical T-action on Fm. Therefore
to consider the axial function with respect to T-action, we should put
(3.7) ε∗1,n1+1 = · · · = ε
∗
m,nm+1 = 0
in the formula of Proposition 3.5.
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Theorem 3.11. Let Fm be a flag Bott manifold with the effective canonical T-action. Then the GKM graph
(Γ, α) of (Fm,T) consists of
vertices: V (Γ) = Sn1+1 × · · · ×Snm+1,
edges: E(Γ) is the set of elements w = (w1, . . . , wm) and w
′ = (w′1, . . . , w
′
m) in V (Γ) such that
w′ = (w1, . . . , wj(r, s), . . . , wm) for some transposition (r, s) ∈ Snj+1, and
axial function: for w and w′ as above such that r, s ∈ [nj + 1], r > s, then
α(ww′) = ρ(j)r − ρ
(j)
s ,
where ρ
(j)
k is the kth row of the matrix
[
X
(j)
1 X
(j)
2 · · · X
(j)
j−1 Bj O · · · O
]
for k ∈ [nj + 1], the
matrices X
(j)
ℓ are as in (3.4) with the modification according to (3.7).
Proof. To find the GKM graph Γ, we recall that the product Γ1 × Γ2 of graphs Γ1, Γ2 consists of vertices
V (Γ1 × Γ2) := V (Γ1) × V (Γ2) and edges E(Γ1 × Γ2) such that e : (w1, w2)→ (w′1, w
′
2) ∈ E(Γ1 × Γ2) if and
only if either w1 = w
′
1 and w2 → w
′
2 ∈ E(Γ2), or w2 = w
′
2 and w1 → w
′
1 ∈ E(Γ1). We claim that the GKM
graph Γ of Fm is the product of graphs Γ1 × · · · × Γm, where Γj is the GKM graph of Fℓ(nj + 1).
By Proposition 3.3, we know that V (Γ) = V (Γ1 × · · · × Γm). To find edges on the graph Γ, we use an
induction argument on the stage. When the stage is 1, then our claim obviously holds. Assume that the
GKM graph of Fj is the product Γ1×· · ·×Γj for j = 1, . . . ,m−1. For w ∈ Snm+1, let sw : Fm−1 → Fm be a
section of the fibration Fm → Fm−1 defined by [g1, . . . , gm−1] 7→ [g1, . . . , gm−1, w˙]. Since the section sw is T-
equivariant, it produces the GKM graph of Fm−1 in Γ. Hence the section sw gives edges (w1, . . . , wm−1, w)→
(w′1, . . . , w
′
m−1, w) in Γ such that (w1, . . . , wm−1)→ (w
′
1, . . . , w
′
m−1) ∈ E(Γ1 × · · · × Γm−1).
On the other hand, a fiber over each fixed point in Fj−1 produces the GKM graph of Fℓ(nj+1). Therefore
for (w1, . . . , wm−1) ∈ V (Γ1 × · · · × Γm−1), we have edges (w1, . . . , wm−1, wm) → (w1, . . . , wm−1, w′m) such
that wm → w′m ∈ E(Γm). Let 2N be the real dimension of Fm. Then we have that |E(Γ)v| = N for every
vertex v ∈ V (Γ) by the definition of GKM graph. The above constructions give exactly N many edges
starting from a vertex v, so we have that Γ = (Γ1× · · · ×Γm−1)×Γm. By Proposition 3.5 we have the axial
function as stated in the theorem. 
Example 3.12. Consider F1 = Fℓ(3) as in Example 3.7. At the point [w˙] determined by w = (231) ∈ S3, we
have that T[w˙]F1 ∼= V (B), where B =
0 1 00 0 1
1 0 0
. With the effective canonical torus action, the tangential
representation is
T[w˙]F1 ∼= V (−ε
∗
2)⊕ V (ε
∗
1)⊕ V (ε
∗
1 − ε
∗
2).
We have an edge (231)→ (132) in the GKM graph since (132) = (231)(3, 1) for the transposition (3, 1) ∈ S3.
Hence the axial function for the edge (231)→ (132) is ε∗1 − ε
∗
2. One can do the similar computations for the
(123)
(213)
(231)
(321)
(312)
(132)
ε2 − ε1
−
ε1
−
ε
2
ε1
ε1 − ε2
−
ε
2
(1) GKM graph of Fℓ(3)
(123,12)
(213,12) (231,12)
(321,12)
(312,12)(132,12)
(123,21)
(213,21) (231,21)
(321,21)
(312,21)(132,21)
Γ
Γ′
(2) GKM graph of a CP 1-bundle over Fℓ(3)
Figure 1. GKM graphs.
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other fixed points, and we have the GKM graph as in Figure 1-(1). In the figure, parallel edges have the
same axial functions. 
Example 3.13. Let F2 be the 2-stage flag Bott manifold defined by A
(2)
1 =
[
c1 c2 0
0 0 0
]
as in Exam-
ple 3.8. The 3-dimensional compact torus acts effectively on F2. Let {ε∗1,1, ε
∗
1,2, ε
∗
2,1} be the standard basis
of Lie((S1)2× (S1))∗. Near the fixed point given by (e, s1) ∈ S3×S2, we have the tangential representation
as follows:
V (ε∗1,2 − ε
∗
1,1)⊕ V (−ε
∗
1,2)⊕ V (−ε
∗
1,1)⊕ V (c1ε
∗
1,1 + c2ε
∗
1,2 + ε
∗
2,1).
One can see that the induced subgraph Γ, respectively Γ′, whose vertex set is S3×{e}, respectivelyS3×{s1},
is the same as the GKM graph of Fℓ(3) with the action of the torus T 2 in Example 3.12. Therefore it is
enough to consider the axial functions of edges of the form ew := (w, e)→ (w, s1) for w ∈ S3. By a similar
computation to Example 3.12, we have Table 1. In Figure 1-(2), one can see the combinatorial shape of the
GKM graph of F2.
w α(ew) w α(ew)
(123) −c1ε∗1,1 − c2ε
∗
1,2 − ε
∗
2,1 (213) −c2ε
∗
1,1 − c1ε
∗
1,2 − ε
∗
2,1
(231) −c1ε
∗
1,2 − ε
∗
2,1 (321) −c2ε
∗
1,2 − ε
∗
2,1
(312) −c2ε∗1,1 − ε
∗
2,1 (132) −c1ε
∗
1,1 − ε
∗
2,1
Table 1. Axial functions for Example 3.13.
Example 3.14. Consider the 3-stage flag Bott manifold F3 as in Example 3.9. Let w˙ = [w˙1, w˙2, w˙3] be
a fixed point where w1 = (312) ∈ S3, w2 = e ∈ S2, and w3 = (21) ∈ S2. For an edge (w1, w2, w3) →
(w1, w2, w3(2, 1)), the axial function is ρ
(3)
2 − ρ
(3)
1 where ρ
(3)
k is the kth row of the matrix[
X
(3)
1 X
(3)
2 B3
]
=
[
0 0 0 0 0 0 1
14 0 8 5 0 1 0
]
.
Hence with the modification according to (3.7), the axial function is 14ε∗1,1 + 5ε
∗
2,1 + ε
∗
3,1. 
4. Generalized Bott Manifolds and the Associated Flag Bott Manifolds
We begin this section by reviewing generalized Bott towers studied in [CMS10a, CMS10b] and studying
their fans based on [CLS11, Section 7.3]. To each generalized Bott tower, there is a natural association with
a flag Bott tower. The goal of this section is to describe a set of integer matrices {A
(j)
ℓ } which determines the
associated flag Bott tower as in Subsection 2.2, and to see how they are induced from the fan of a generalized
Bott tower.
4.1. Generalized Bott Manifolds.
Definition 4.1. [CMS10a, Defintion 6.1] A generalized Bott tower {Bj | j = 0, . . . ,m} of height m (or an
m-stage generalized Bott tower) is a sequence,
Bm Bm−1 · · · B2 B1 B0 = {a point},
πm πm−1 π3 π2 π1
of manifolds Bj = P(E
j
1 ⊕ · · · ⊕E
j
nj
⊕C) where Ejk is a holomorphic line bundle over Bj−1 for k = 1, . . . , nj ,
C is the trivial line bundle over Bj−1, and P(·) stands for the projectivization of each fiber. We call Bj the
j-stage generalized Bott manifold of a generalized Bott tower.
Example 4.2. (1) Every projective space CPn is a generalized Bott tower of height 1.
(2) The product of projective spaces CPn1 × · · · × CPnm is an m-stage generalized Bott manifold.
(3) When nj = 1 for j = 1, . . . ,m, an m-stage generalized Bott manifold is an m-stage Bott manifold,
see Example 2.2-(3). 
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Recall from [Har77, Exercise II.7.9] that for each j = 1, . . . ,m, the set of isomorphic classes of holomorphic
line bundles on Bj−1 is isomorphic to Zj−1. More precisely, for j = 1, . . . ,m, the homomorphism
Zj−1 → Pic(Bj−1), (a1, . . . , aj−1) 7→ (η
j
1)
⊗a1 ⊗ (ηj2)
⊗a2 ⊗ · · · ⊗ (ηjj−1)
⊗aj−1
is an isomorphism since Bj is an iterated sequence of projective space bundles. Here, η
j
j−1 is the canonical
line bundle over Bj−1, and η
j
ℓ = π
∗
j ◦· · ·◦π
∗
ℓ+1(η
ℓ+1
ℓ ), for each ℓ = 1, . . . , j−2. Therefore for each holomorphic
line bundle Ejk over Bj−1, there exist integers a
j
k,1, . . . , a
j
k,j−1 such that
Ejk = (η
j
1)
⊗aj
k,1 ⊗ (ηj2)
⊗aj
k,2 ⊗ · · · ⊗ (ηjj−1)
⊗aj
k,j−1 .
Hence, we conclude that given a generalized Bott manifold Bj−1, the collection of integers
{ajk,ℓ ∈ Z | 1 ≤ k ≤ nj , 1 ≤ ℓ ≤ j − 1}
determines Bj .
In general, a projectivization of the sum of holomorphic line bundles over a toric variety is again a toric
variety, see [CLS11, Section 7.3]. Hence, so is a generalized Bott manifold Bm. To describe the fan of Bm,
we prepare the following matrix Λ of size n×m;
(4.1) n := n1 + · · ·+ nm and Λ :=

−1 0 · · ·
a21 −1 0 · · ·
...
. . .
. . .
. . .
a
j
1 · · · a
j
j−1 −1 0 · · ·
...
. . .
. . .
am1 · · · · · · a
m
m−1 −1

}n1
}n2
}nj
}nm
,
where we denote by 0, 1 and ajℓ the following vectors respectively:
0 =
0...
0
 , 1 =
1...
1
 , and ajℓ =

aj1,ℓ
...
ajnj ,ℓ
 ∈ Znj for 1 ≤ ℓ < j ≤ m.
Next, we define a set of vectors U := {ujkj | 1 ≤ j ≤ m, 1 ≤ kj ≤ nj + 1} by
ujkj =
{
εj,kj if 1 ≤ kj ≤ nj,
j-th column of Λ if kj = nj + 1,
where ε1,1, . . . , ε1,n1 , . . . , εm,1, . . . , εm,nm is the standard basis vector in R
n = Rn1+···+nm . Now, we consider
the following cones
σk1,...,km := Cone(U \ {u
1
k1
, . . . , umkm}) ⊂ R
n,
and one can see that the vectors of U \ {u1k1 , . . . , u
m
km
} form a Z-basis of Zn ⊂ Rn. Hence σk1,...,km is a
smooth cone of dimension n.
Proposition 4.3. A fan Σ associated to Bm consists of the cones
(4.2)
{
σk1,...,km
∣∣∣ (k1, . . . , km) ∈ m∏
j=1
[nj + 1]
}
and their faces.
Proof. We show the claim by the induction on the stage of a generalized Bott manifold. When m = 1,
we have u1k = ek for k = 1, . . . , n1 and u
1
n1+1 = −1. In this case, the fan Σ consists of the cones {σk1 ⊂
Rn1 | 1 ≤ k1 ≤ n1 + 1} and their faces, which yields XΣ ∼= CPn1 . Next, assuming that the claim holds
for (m − 1)-stage generalized Bott manifold Bm−1, a successively application of the result [CLS11, Section
7.3], in particular [CLS11, Proposition 7.3.3, Example 7.3.5], establishes that the claim holds for the m-stage
generalized Bott manifold Bm. 
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Remark 4.4. The fan Σ defined above is a simplicial fan whose underlying simplicial complex is the dual
complex of the product P :=
∏m
j=1∆
nj of simplices. As a quasitoric manifold [DJ91, BP15], the polytope
together with the set U , where we assign a facet
∆n1 × · · · ×∆nj−1 × f jkj ×∆
nj+1 × · · · ×∆nm
for some facet f jkj of ∆
nj to the vector ujkj for 1 ≤ kj ≤ nj + 1, form a characteristic pair which determines
the given generalized Bott manifold. We refer to [CMS10a] and [CMS10b].
Example 4.5. Let {Bj | j = 0, . . . , 3} be a generalized Bott tower of height 3 with n1 = 2, n2 = 1, and
n3 = 2. The 2-stage generalized Bott manifold B2 is a CP 1-fiber bundle over CP 2, and the 3-stage B3 is a
CP 2-fiber bundle over the manifold B2. More precisely,
E31 ⊕ E
3
2 ⊕ C E
2
1 ⊕ C
P(E31 ⊕ E
3
2 ⊕ C) P(E
2
1 ⊕ C) CP
2
B3 B2 B1
where C is the trivial line bundle, and
E21 = (η
2
1)
⊗a21,1 , E31 = (η
3
1)
⊗a31,1 ⊗ (η32)
⊗a31,2 , E32 = (η
3
1)
⊗a32,1 ⊗ (η32)
⊗a32,2
for some integers a21,1, a
3
1,1, a
3
1,2, a
3
2,1, a
3
2,2. Hence the matrix Λ of B3 is
Λ =

−1 0 0
−1 0 0
a21,1 −1 0
a31,1 a
3
1,2 −1
a32,1 a
3
2,2 −1
 =
−1 0 0a21 −1 0
a31 a
3
2 −1
 = [u13 u22 u33],
where a21 = a
2
1,1 ∈ Z, a
3
1 = (a
3
1,1, a
3
2,1) ∈ Z
2, and a32 = (a
3
2,1, a
3
2,2) ∈ Z
2. Moreover the fan Σ associated to B3
consists of cones
Cone(ε1,1, ε1,2, ε2,1, ε3,1, ε3,2), Cone(ε1,1, u
1
3, ε2,1, ε3,1, ε3,2), Cone(ε1,2, u
1
3, ε2,1, ε3,1, ε3,2),
Cone(ε1,1, ε1,2, u
2
2, ε3,1, ε3,2), Cone(ε1,1, u
1
3, u
2
2, ε3,1, ε3,2), Cone(ε1,2, u
1
3, u
2
2, ε3,1, ε3,2),
Cone(ε1,1, ε1,2, ε2,1, ε3,1, u
3
3), Cone(ε1,1, u
1
3, ε2,1, ε3,1, u
3
3), Cone(ε1,2, u
1
3, ε2,1, ε3,1, u
3
3),
Cone(ε1,1, ε1,2, u
2
2, ε3,1, u
3
3), Cone(ε1,1, u
1
3, u
2
2, ε3,1, u
3
3), Cone(ε1,2, u
1
3, u
2
2, ε3,1, u
3
3),
Cone(ε1,1, ε1,2, ε2,1, ε3,2, u
3
3), Cone(ε1,1, u
1
3, ε2,1, ε3,2, u
3
3), Cone(ε1,2, u
1
3, ε2,1, ε3,2, u
3
3),
Cone(ε1,1, ε1,2, u
2
2, ε3,2, u
3
3), Cone(ε1,1, u
1
3, u
2
2, ε3,2, u
3
3), Cone(ε1,2, u
1
3, u
2
2, ε3,2, u
3
3)
and their faces.

4.2. Associated Flag Bott Manifolds. For a given generalized Bott tower {Bj | j = 0, . . . ,m}, we define
the associated flag Bott tower {Fj | j = 0, . . . ,m} such that the following diagram is commutative:
(4.3)
q∗j+1Ej+2 q
∗
jEj+1 q
∗
j−1Ej q
∗
1E2 q
∗
0E1
Fj+1 Fj Fj−1 · · · F1 F0
Ej+2 Ej+1 Ej E2 E1
Bj+1 Bj Bj−1 · · · B1 B0
qj+1
pj+1
qj
pj
qj−1
pj−1 p2 p1
q1 q0=id
πj+1 πj πj−1 π2 π1
We now explain the notation and construction of the diagram (4.3). First of all, B0 = F0 = {point}, and
q0 is the identity. For the 1-stage of flag Bott tower, F1 = Fℓ(q∗0E1) is the flag manifold associated to the
vector bundle q∗0E1 = E1, i.e., F1 = Fℓ(n1+1) = GL(n1+1)/BGL(n1+1). In particular, B1 = P(E1)
∼= CPn1
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and the map q1 is defined by the restriction of the full flag V• = (V1 ( V2 ( · · · ( Vn1 ( C
n1+1) ∈ F1 onto
the line V1 ∈ B1.
For each j = 1, . . . ,m, Fj and qj are obtained inductively as follows. Consider the following pull-back
diagram:
q∗j−1Ej Ej
Fj−1 Bj−1
q˜j−1
qj−1

By flagifying each fiber of the above bundles, we obtain the associated pull back diagram of flag bundles:
Fj := Fℓ(q∗j−1Ej) Fℓ(Ej) P(Ej) = Bj
Fj−1 Bj−1
q˜j−1
pj
qj
sj
πj
qj−1

We define Fj to be the total space of Fℓ(q∗j−1Ej), and qj := sj ◦ q˜j−1. Here the map sj : Fℓ(Ej) → P(Ej)
maps each fiberwise full flag V• = (V1 ( V2 ( · · · ( Vnj ( (Ej)p) to the line V1 in P((Ej)p) for p ∈ Bj−1.
Definition 4.6. We call the above tower {Fj | j = 0, 1, . . . ,m} the associated flag Bott tower to the
generalized Bott tower {Bj | j = 0, 1, . . . ,m}. Moreover, we call the top stage Fm of this tower the
associated flag Bott manifold to the generalized Bott manifold Bm.
For a givenm-stage flag Bott manifold Fm, there is the set of integer matrices {A
(j)
ℓ ∈M(nj+1)×(nℓ+1)(Z) |
1 ≤ ℓ < j ≤ m} defining Fm by Proposition 2.8 and Proposition 2.11. The following proposition gives these
matrices of the associated flag Bott manifold in terms of the matrix Λ in (4.1) which defines the given
generalized Bott manifold.
Proposition 4.7. Let Bm be the m-stage generalized Bott manifold determined by the matrix Λ in (4.1),
and Fm the associated m-stage flag Bott manifold. Then the manifold Fm is determined by the set of integer
matrices {A
(j)
ℓ ∈M(nj+1)×(nℓ+1)(Z) | 1 ≤ ℓ < j ≤ m} where
A
(j)
ℓ =
[
a
j
ℓ 0 · · · 0
0 0 · · · 0
]
1 nℓ
nj
1
Proof. Consider the following pull back diagram:
q∗j+1E
j+1
k E
j+1
k = (η
j+1
1 )
a
j+1
k,1 ⊗ (ηj+12 )
a
j+1
k,2 ⊗ · · · ⊗ (ηj+1j )
a
j+1
k,j
Fj Bj
q˜j
qj
For each j = 1, . . . ,m, the pull back bundle q∗j (η
j+1
j ) over Fj is the line bundle Uj,1/Uj,0 defined in (2.12).
Since the diagram (4.3) commutes, we have that
q∗j η
j+1
ℓ = q
∗
j
(
π∗j ◦ · · · ◦ π
∗
ℓ+1(η
ℓ+1
ℓ )
)
= p∗j ◦ · · · ◦ p
∗
ℓ+1
(
q∗ℓ (η
ℓ+1
ℓ )
)
for ℓ = 1, . . . , j.
By Lemma 2.13, the line bundle q∗j (η
j+1
j ) is determined by the integer vector (0,0, . . . ,0, e1) ∈ Z
n1+1 ×
Zn2+1 × · · · × Znj−1+1 × Znj+1 where e1 is the first standard basis vector. Hence the result follows. 
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Example 4.8. Let B3 be the generalized Bott tower of height 3 in Example 4.5. The associated flag Bott
manifold F3 to B3 is determined by the following integer matrices:
A
(2)
1 =
[
a21 0 0
0 0 0
]
=
[
a21,1 0 0
0 0 0
]
∈M2×3(Z),
A
(3)
1 =
[
a31 0 0
0 0 0
]
=
a31,1 0 0a32,1 0 0
0 0 0
 ∈M3×3(Z),
A
(3)
2 =
[
a32 0
0 0
]
=
a31,2 0a32,2 0
0 0
 ∈M3×2(Z).
5. Generic Orbit Closure in the Associated Flag Bott Manifold
For anm-stage generalized Bott manifold Bm, let Fm be its associated flag Bott manifold with the effective
canonical action of H defined in Subsection 3.1. In this section, we study the closure of a generic orbit of
the torus H in the associate flag Bott manifold Fm and its relation with Bm in Theorem 5.7. For this, we
first review combinatorics of permutohedral varieties.
5.1. Permutohedral variety. The closure Xn of a generic orbit in the flag variety Fℓ(n + 1) with the
effective action of (C∗)n as in Example 3.2 is a toric variety called the permutohedral variety, see for instance
[Kly85] and [Huh14]. In this subsection, we recall the fan Σn ⊂ Rn of the permutohedral variety. Note
that the fan Σn is the normal fan of an n-dimensional permutohedron Pn with particular outward normal
vectors. To be more precise, there is a bijection between the set Σn(1) of rays and nonempty proper subsets
of [n+ 1]:
Σn(1)
1−1
←→ {A | ∅ ( A ( [n+ 1]}.
For a nonempty proper subset A of [n+ 1], the corresponding ray ρA is generated by
(5.1) uA :=

∑
x∈A
εx if n+ 1 /∈ A,
−
∑
x∈[n+1]\A
εx otherwise,
where {ε1, . . . , εn} is the standard basis vector of Rn. Hence there are 2n+1 − 2 many rays in Σn. The
minimal generator in the intersection of a ray and the underlying lattice is called the ray generator . We note
that uA defined in (5.1) is the ray generator of ρA.
The maximal cones are indexed by proper chains of n nonempty proper subsets of [n+ 1]. For a proper
chain
(5.2) A• : ∅ ( A1 ( A2 ( · · · ( An ( [n+ 1]
of nonempty proper subsets, we have the corresponding maximal cone
Cone(uA1 , uA2 , . . . , uAn).
Therefore the number of maximal cones is (n+ 1)!.
Moreover we have a correspondence between the maximal cones in Σn and the elements of the symmetric
group Sn+1. For a permutation w = (w(1) · · · w(n + 1)) in Sn+1, we associate a maximal cone in Σn
determined by the chain A• where
(5.3) Ak := {w(n+ 2− k), . . . , w(n+ 1)} for 1 ≤ k ≤ n.
This description is sometimes much convenient to see the combinatorics of Σn. For instance, two maximal
cones corresponding to permutations v and w in Sn+1 are adjacent if and only if there exists i ∈ [n] such
that v = w · si, where si is the transposition (i, i+ 1) ∈ Sn+1.
Example 5.1. When n = 2, Figure 2-(1) represents ray generators in Σ2. Consider a permutation (231) ∈
S3. Then the corresponding chain A• defined in (5.3) is
A• : ∅ ( {1} ( {1, 3} ( {1, 2, 3}.
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Hence the permutation (231) defines a maximal cone Cone(u{1}, u{1,3}). As permutations (231) and (321)
satisfy the relation (231) = (321) · s1, two maximal cones Cone(u{1}, u{1,3}) and Cone(u{1}, u{1,2}) are
adjacent. Figure 2-(2) describes the maximal cones in Σ2. 
u{2} = ε2
u{1} = ε1
u{1,2} = ε1 + ε2
u{2,3} = −ε1
u{1,3} = −ε2u{3} = −ε1 − ε2
(1) Ray generators in Σ2.
{2} ( {1, 2}
(312)
{1} ( {1, 2}
(321)
{1} ( {1, 3}
(231)
{3} ( {1, 3}
(213)
{3} ( {2, 3}
(123)
{2} ( {2, 3}
(132)
(2) Maximal cones in Σ2.
Figure 2. Fan Σ2.
Remark 5.2. Let Σ′n ⊂ R
n be the fan of complex projective space CPn whose ray generators u1, . . . , un+1
are given by
uk =
{
εk if 1 ≤ k ≤ n,
−ε1 − · · · − εn if k = n+ 1
Then the set of cones in Σ′n can be identified with the set of nonempty proper subsets of [n+1]. To be more
precise, for any dimension d cone τ in Σ′n, we have a subset {i1, . . . , id} ⊂ [n+ 1] such that
τ = Cone(ui1 , . . . , uid).
It is well known that the fan Σn ⊂ Rn of the permutohedral variety can be obtained from Σ′n by star
subdivisions of all cones of dimension grater than 0 in the decreasing order of the dimensions of the cones,
see [Pro90]. Hence, the set of rays in the fan Σn corresponds bijectively to the set of all cones of dimension
grater than 0 in Σ′n. 
5.2. The Main Result on Generic Orbit Closure of Fm. Consider the canonical effective H-action
on Fm defined in Subsection 3.1. In order to consider the closure of a generic H-orbit in Fm, we first
define a generic element in Fm. Let g = (gij) be an element in GL(n + 1). For an ordered sequence
1 ≤ i1 < i2 < · · · < ik ≤ n+ 1, we consider the Plu¨cker coordinate
Xi1,...,ik(g) := det((gip,p)p=1,...,k).
Definition 5.3. We call an element g ∈ GL(n + 1) is generic if Xi1,...,ik(g) is nonzero for any k ∈ [n + 1]
and an ordered sequence 1 ≤ i1 < i2 < · · · < ik ≤ n + 1. We call a point [g1, . . . , gm] in Fm is generic if
gj ∈ GL(nj + 1) is generic for j = 1, . . . ,m.
For example, g =
[
1 0
0 1
]
is not a generic element since X2(g) = 0. But g =
[
1 0
1 1
]
is generic. The above
definition of generic elements can be found in [FH91], [Kly95], and [Dab96]. It is not difficult to show that
the genericity of a point [g1, . . . , gm] in Fm does not depend on the representative of a point.
A generic orbit in Fm is the H-orbit of a generic point. In Theorem 5.7 we give a relation between a
generalized Bott manifold Bm and the closure of a generic orbit of H in its associated flag Bott manifold Fm,
which extends the relation between CPn, as an 1-stage generalized Bott manifold, and the n-dimensional
permutohedral variety, see Remark 5.2.
Theorem 5.4. Let Bm be an m-stage generalized Bott manifold determined by an integer matrix Λ as
in (4.1) and let Fm be the associated m-stage flag Bott manifold. Then the closure of a generic orbit of H
in the associated flag Bott manifold Fm is a nonsingular projective toric variety whose fan Σ is given as
follows:
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(1) the rays are parametrized by the set
{(ℓ, A) | ∅ ( A ( [nℓ + 1], 1 ≤ ℓ ≤ m}.
For (ℓ, A) the corresponding ray is generated by the vector
uℓA =

∑
x∈A
εℓ,x if nℓ + 1 /∈ A,
−
∑
x∈[nℓ+1]\A
εℓ,x +
m∑
j=ℓ+1
nj∑
k=1
ajk,ℓεj,k otherwise
where {εj,k} is the standard basis of the Lie algebra of the compact torus T ⊂ H whose dual is
in (3.1).
(2) The maximal cones are indexed by the sequences of proper chains of subsets
{(A1•, . . . , A
m
• ) | A
ℓ
• = (∅ ( A
ℓ
1 ( A
ℓ
2 ( · · · ( A
ℓ
nℓ
( [nℓ + 1]), 1 ≤ ℓ ≤ m}.
For (A1•, . . . , A
m
• ), the corresponding maximal cone is defined to be
Cone
(
m⋃
ℓ=1
{uℓ
Aℓ1
, . . . , uℓAℓnℓ
}
)
.
The proof of Theorem 5.4 needs a series of lemmas, and will be given in the next subsection. The following
corollary will play an important role in the proof of Theorem 5.7.
Corollary 5.5. For each ℓ = 1, . . . ,m and a nonempty proper subset ∅ ( A ( [nℓ+1], we have the following
relation:
(5.4) uℓA =
∑
x∈A
uℓ{x}.
Furthermore, for x ∈ [nℓ + 1], the ray generator uℓ{x} coincides with the ray generator u
ℓ
x in the fan Σ
′ of
the generalized Bott manifold Bm. 
Proof. First we notice that uℓ{x} = εℓ,x = u
ℓ
x if x 6= nℓ+1. Hence we get the equality (5.4) when nℓ+1 /∈ A.
On the other hand, we have that
uℓ{nℓ+1} = −
∑
x∈[nℓ]
εℓ,x +
m∑
j=ℓ+1
nj∑
k=1
ajk,ℓεj,k = u
ℓ
nℓ+1
.
When nℓ + 1 ∈ A, we get that∑
x∈A
uℓ{x} = u
ℓ
{nℓ+1}
+
∑
x∈A\{nℓ+1}
uℓ{x}
= −
∑
x∈[nℓ]
εℓ,x +
m∑
j=ℓ+1
nj∑
k=1
ajk,ℓεj,k +
∑
x∈A\{nℓ+1}
εℓ,x
= −
∑
x∈[nℓ+1]\A
εℓ,x +
m∑
j=ℓ+1
nj∑
k=1
ajk,ℓεj,k
= uℓA. 
Example 5.6. Let B3 be a generalized Bott tower of height 3 as in Example 4.8 whose matrix Λ is given
by
Λ =

−1 0 0
−1 0 0
a21,1 −1 0
a31,1 a
3
1,2 −1
a32,1 a
3
2,2 −1
 .
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Let F3 be the associated flag Bott manifold, and let X be the closure of a generic orbit of the torus (C∗)5.
Then the fan Σ˜ of X has 14 rays. Consider the ray generator u1{3}. Then by Theorem 5.4, the vector u
1
{3} is∑
x∈[3]\{3}
−ε1,x +
3∑
j=2
nj∑
k=1
ajk,1εj,k = −ε1,1 − ε1,2 + a
2
1,1ε2,1 + a
3
1,1ε3,1 + a
3
2,1ε3,2,
where {ε1,1, ε1,2, ε2,1, ε3,1, ε3,2} is the standard basis of the Lie algebra of the compact torus contained in
(C∗)5. With this standard basis, Table 2 gives the ray generators.
u1{1} = (1, 0, 0, 0, 0) u
1
{2} = (0, 1, 0, 0, 0) u
1
{3} = (−1,−1, a
2
1,1, a
3
1,1, a
3
2,1)
u1{1,2} = (1, 1, 0, 0, 0) u
1
{1,3} = (0,−1, a
2
1,1, a
3
1,1, a
3
2,1) u
1
{2,3} = (−1, 0, a
2
1,1, a
3
1,1, a
3
2,1)
u2{1} = (0, 0, 1, 0, 0) u
2
{2} = (0, 0,−1, a
3
1,2, a
3
2,2)
u3{1} = (0, 0, 0, 1, 0) u
3
{2} = (0, 0, 0, 0, 1) u
3
{3} = (0, 0, 0,−1,−1)
u3{1,2} = (0, 0, 0, 1, 1) u
3
{1,3} = (0, 0, 0, 0,−1) u
3
{2,3} = (0, 0, 0,−1, 0)
Table 2. Ray generators for X in Example 5.6.
For a subset {1, 3} ⊂ [3], the ray generator u1{1,3} is (0,−1, a
2
1,1, a
3
1,1, a
3
2,1). Also we have the following:
u1{1,3} = (1, 0, 0, 0, 0) + (−1,−1, a
2
1,1, a
3
1,1, a
3
2,1) = u
1
{1} + u
1
{3}. 
For a fan Σ and a cone τ ∈ Σ, we recall from [CLS11, Definition 3.3.17] the definition of star subdivision
Σ∗(τ) of Σ along τ . Let uτ =
∑
ρ∈τ(1) uρ, where uρ is the ray generator of a ray ρ. For each cone σ ∈ Σ
containing τ , set
Σ∗σ(τ) = {Cone(A) | A ⊆ {uτ} ∪ σ(1), τ(1) * A}.
Then the star subdivision Σ∗(τ) is defined to be
Σ∗(τ) = {σ ∈ Σ | τ * σ} ∪
⋃
τ⊆σ
Σ∗σ(τ).
Hence the fan Σ∗(τ) has one more ray generated by the vector uτ .
Corollary 5.5 says that the set of ray generators
m⋃
ℓ=1
{
uℓ{x} | x ∈ [nℓ + 1]
}
can produce all other ray generators of the fan Σ, which yields the following property.
Theorem 5.7. Let Bm be the m-stage generalized Bott manifold determined by the integer matrix Λ as
in (4.1), and let Σ′ be the fan of Bm. Let Fm be the associated m-stage flag Bott manifold to Bm. Then the
fan Σ of the closure X of a generic orbit of the canonical H-action in the associated flag Bott manifold Fm
is the star subdivisions of Σ′ along the following cones{
Cone
(
{uℓx | x ∈ A}
)
| ∅ ( A ( [nℓ + 1], ℓ = 1, . . . ,m
}
⊂ Σ
in the increasing order of ℓ = 1, . . . ,m and in the decreasing order of |A|.
To give a proof, we first review the following classical result about a toric variety fibration over a toric
variety. We refer to [Oda78, Proposition 7.3], as well as [CLS11, Chapter 3.3], [Ewa96, Chapter VI.6].
Proposition 5.8. Let Σ and Σ′ be complete fans in NR := N ⊗Z R and N ′R := N
′ ⊗Z R for some lattices
N and N ′ respectively, which are compatible with a surjective Z-linear map φ¯ : N → N ′. Let Σ′′ be a subfan
of Σ consisting of the cones {σ ∈ Σ | σ ⊂ ker φ¯R} and XΣ′′ the corresponding toric variety. Then, the toric
morphism φ : XΣ → XΣ′ induced from φ¯ is an equivariant fiber bundle with fiber XΣ′′ if and only if
(1) there exists a lifting Σ˜ ⊆ Σ of Σ′ such that φ¯R : NR → N ′R maps σ˜ ∈ Σ˜ bijectively to a cone σ
′ ∈ Σ′,
(2) Σ consists of cones {σ˜ + σ′′ | σ˜ ∈ Σ˜, σ′′ ∈ Σ′′}.
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The fan Σ determined by the condition of Proposition 5.8 is called the join of Σ˜ and Σ′′ and denoted by
Σ = Σ˜ • Σ′′. We refer to [Ewa96, Chapter III.1, Chapter VI.6]. We need one more result to give a proof of
Theorem 5.7.
Lemma 5.9. Let Σ1 and Σ2 be fans such that Σ1(1) ∩ Σ2(1) = ∅. Suppose that τ ∈ Σ1. Then
Σ∗1(τ) • Σ2 = (Σ1 • Σ2)
∗(τ).
Here we denote the cone τ + {0} in Σ1 • Σ2 by τ .
Proof. For a cone τ ∈ Σ1, we have that
Σ∗1(τ) • Σ2 = ({σ1 ∈ Σ1 | τ * σ1} • Σ2) ∪
⋃
τ⊆σ1,
σ1∈Σ1
((Σ1)
∗
σ1
(τ) • Σ2),
(Σ1 • Σ2)
∗(τ + {0}) = {σ1 + σ2 ∈ Σ1 +Σ2 | τ + {0} * σ1 + σ2} ∪
⋃
τ+{0}⊆σ1+σ2
(Σ1 • Σ2)
∗
σ1+σ2(τ + {0}).
We note that by the definition of join of fans, we get
{σ1 ∈ Σ1 | τ * σ1} • Σ2 = {σ1 + σ2 ∈ Σ1 +Σ2 | τ + {0} * σ1 + σ2}.
Moreover, we have ⋃
τ+{0}⊆σ1+σ2
(Σ1 • Σ2)
∗
σ1+σ2(τ + {0}) =
⋃
τ⊆σ1,
σ1∈Σ1
⋃
σ2∈Σ2
(Σ1 • Σ2)
∗
σ1+σ2(τ + {0}).
Therefore to prove the lemma, it is enough to show that for any σ1 ∈ Σ1 satisfying τ ⊆ σ1, the following
equality holds:
(5.5) (Σ1)
∗
σ1
(τ) • Σ2 =
⋃
σ2∈Σ2
(Σ1 • Σ2)
∗
σ1+σ2(τ + {0}).
We note that for σ2 ∈ Σ2,
(5.6) (Σ1 • Σ2)
∗
σ1+σ2(τ + {0}) = {Cone(B) | B ⊆ {uτ} ∪ σ1(1) ∪ σ2(1), τ(1) * B}.
Suppose that A ⊆ {uτ}∪σ1(1) satisfying τ(1) * A. Then for a cone σ2 ∈ Σ2, Cone(A)+σ2 is an element
in (Σ1)
∗
σ1
(τ) •Σ2. Since Cone(A) + σ2 = Cone(A∪ σ2(1)) and τ(1) * A∪ σ2(1), the cone Cone(A) + σ2 is an
element in (Σ1 • Σ2)
∗
σ1+σ2(τ + {0}) by (5.6).
Now, we consider Cone(B) in (Σ1 • Σ2)
∗
σ1+σ2(τ + {0}) for some σ2 ∈ Σ2. We set A := B ∩ ({uτ} ∪
σ1(1)) and B
′ := B ∩ σ2(1). Since B ⊆ {uτ} ∪ σ1(1) ∪ σ2(1), we have Cone(B) = Cone(A) + Cone(B′).
Moreover, Cone(A) ∈ (Σ1)∗σ1(τ), and Cone(B
′) ∈ Σ2 since Cone(B′) is a face of the cone Cone(B). Hence
the equality (5.5) holds, and we prove the lemma. 
Proof of Theorem 5.7. By Proposition 5.8, there exist liftings Σ˜′n1 , . . . , Σ˜
′
nm−1
of the fans Σ′n1 , . . . ,Σ
′
nm−1
of
complex projective spaces such that
Σ′ = Σ˜′n1 • · · · • Σ˜
′
nm−1
• Σ′nm .
More precisely, the lifting Σ˜′nℓ ⊂ R
n consists of the cones
Cone(uℓ1, . . . , û
ℓ
kℓ
, . . . , uℓnℓ+1)
and their faces. On the other hand, the fan Σ of the closure of a generic orbit in the associated flag Bott
manifold also can be written by
Σ = Σ˜n1 • · · · • Σ˜nm−1 • Σnm ,
where Σ˜nℓ is a lifting of the fan Σnℓ of the permutohedral variety whose maximal cones are given by
Cone(uℓ
Aℓ1
, . . . , uℓAℓnℓ
)
for a proper chain ∅ ( Aℓ1 ( · · · ( A
ℓ
nℓ
( [nℓ + 1] of subsets.
By Lemma 5.9, the operations join and star subdivision commute each other. Hence it is enough to
show that the star subdivisions of the fan Σ˜′nℓ along the cones {Cone({u
ℓ
x | x ∈ A}) | ∅ ( A ( [nℓ + 1]}
in the decreasing order of dimensions of cones agrees with the fan Σ˜nℓ . We note that the fan Σn of the
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permutohedral variety can be obtained by star subdivisions of all the cones of dimension grater than 0 of the
fan Σ′n of CP
n in the decreasing order of dimensions of cones, see Remark 5.2. Moreover, for ℓ = 1, . . . ,m
and any nonempty proper subset ∅ ( {x1, . . . , xd} ( [nℓ + 1], the following equalities hold by Corollary 5.5:
uℓ{x1,...,xd} =
d∑
i=1
uℓ{xi} =
d∑
i=1
uℓxi .
Therefore the fan Σ˜nℓ is obtained from Σ˜
′
nℓ
by star subdividing along the cones {Cone({uℓx | x ∈ A}) | ∅ (
A ( [nℓ + 1]} in the given order, so the result follows. 
Example 5.10. Let B2 be the 2-stage generalized Bott manifold whose characteristic matrix is
Λ =
−1 0−1 0
a −1

for some integer a ∈ Z. Let F2 be the associated flag Bott manifold and X the closure of a generic orbit of
the torus (C∗)3. With the standard basis {ε1,1, ε1,2, ε2,1} of the Lie algebra of the compact torus contained
in (C∗)3, the ray generators of the fan of X are given in Table 3.
u1{1} = (1, 0, 0) u
1
{2} = (0, 1, 0) u
1
{3} = (−1,−1, a)
u1{1,2} = (1, 1, 0) u
1
{1,3} = (0,−1, a) u
1
{2,3} = (−1, 0, a)
u2{1} = (0, 0, 1) u
2
{2} = (0, 0,−1)
Table 3. Ray generators for X in Example 5.10.
One can see that X is the blow-ups of B2 along submanifolds corresponding to the cones {Cone({u1x | x ∈
A}) | ∅ ( A ( [3]}.
Remark 5.11. In this manuscript, we concentrate on the closure of a generic torus orbit in the associated
flag Bott manifold. Actually, there are flag Bott manifolds which are not the associated flag Bott manifolds.
The second the fourth authors compute the fan of the closure of a generic torus orbit in any flag Bott
manifold in [LS18].
5.3. Proof of Theorem 5.4. For an m-stage flag Bott manifold Fm, consider the effective canonical H-
action. Each fiber of a bundle Fj → Fj−1 has the restricted (C∗)nj -action, and its orbit closure of a generic
point is the permutohedral variety Xnj . Therefore the closure of a generic orbit of the torus H in Fm has
the structure of iterated permutohedral variety bundles. Hence, the following lemma is straightforward from
the successive application of Proposition 5.8.
Lemma 5.12. Let Fm be the associated m-stage flag Bott manifold and X the closure of a generic orbit of
the torus H in Fm. Let Σn1 , . . . ,Σnm be fans of permutohedral varieties Xn1 , . . . , Xnm , respectively. Then,
there are liftings Σ˜n1 , . . . , Σ˜nm−1 such that
Σ = Σ˜n1 • · · · • Σ˜nm−1 • Σnm .
It remains to compute the primitive generators of rays in Σ. In general, a toric variety can be regarded
as a GKM manifold with respect to the action of compact torus in the algebraic torus.
Remark 5.13. Two combinatoric objects, a smooth complete fan Σ and a GKM graph (Γ, α), of a toric
variety are related by associating maximal cones in Σ with vertices of Γ, and cones of codimension 1 in Σ with
edges of Γ. In particular, if Σ is an n-dimensional smooth fan, then an n-dimensional cone σ has n facets,
say τ1, . . . , τn, which correspond to the outgoing edges, say e1, . . . , en, in Γ from the vertex corresponding
to σ. Let ρ be a 1-dimensional cone in Σ, then (n− 1) many facets of σ contains ρ except one facet.
Regarding Σ be a fan in Lie(T), the next Lemma 5.14 shows the relation between the ray generators of
rays in Σ and the axial function α : E(Γ)→ t∗Z.
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ρ
τ2
τ ′
2
τ3 = τ ′3
σ
σ′
τ ′
1
τ1
e
3 e ′
3
e2
e′
2e1
e′
1
v
v′
Figure 3. A 3-dimensional fan and corresponding GKM graph.
Lemma 5.14. [BP15, Proposition 7.3.18] Let e1, . . . , en and ρ be as in Remark 5.13, and uρ the ray generator
of ρ. Then the following system of equations holds:
(5.7) 〈α(ei), uρ〉 =
{
1 if i = 1,
0 if i = 2, . . . , n.
In particular, given α(e1), . . . , α(en), the vector uρ is uniquely determined. 
Lemma 5.14 says that the tangential representation at a fixed point determines the ray generator uρ of a
1-dimensional cone ρ contained in the a maximal dimensional cone σ corresponding to the given fixed point.
The next lemma shows that uρ obtained in (5.7) is independent from the choice of a maximal dimensional
cone containing ρ.
Lemma 5.15. The primitive generator uρ of an 1-dimensional cone ρ obtained from equations (5.7) is
well-defined, i.e., it is independent of the choice of a maximal dimensional cone σ containing ρ.
Proof. Suppose that σ and σ′ are two maximal cones containing ρ, whose facets are {τi | i = 1, . . . , n} and
{τ ′i | i = 1, . . . , n}, respectively. Here, we may assume that σ and σ
′ are adjacent, i.e., σ and σ′ meet at a
common facet, say τn = τ
′
n, otherwise we choose a path of maximal cones connecting σ and σ
′, and apply
the same argument.
By the correspondence between cones in a smooth complete fan and a GKM graph mentioned in Re-
mark 5.13, we set up the following notation:
(1) τ1 and τ
′
1: facets of σ and σ
′ which does not contain ρ, respectively;
(2) e1 and e
′
1: edges in Γ corresponding to τ1 and τ
′
1, respectively.
We refer to Figure 3 for a 3-dimensional example.
Now, it is enough to show that uρ satisfies the following relations:
(5.8) 〈α(e′i), uρ〉 =
{
1 if i = 1,
0 if i = 2, . . . , n.
For the given GKM graph (Γ, α) and the connection θ = {θe | e ∈ E(Γ)}, consider
θen : {e1, . . . , en} → {e
′
1, . . . , e
′
n}.
Since the closure O(ρ) of the orbit O(ρ) is a toric subvariety of XΣ, the subgraph by taking vertices corre-
sponding to maximal cones containing ρ is indeed a GKM-subgraph, whose connection is inherited from the
original one θ. Therefore θen maps {e2, . . . , en} bijectively to {e
′
2, . . . , e
′
n}. Hence we have that θen(e1) = e
′
1.
For convenience, we assume that θen(ei) = e
′
i for i = 1, . . . , n.
For i = 1, . . . , n, we have the relation
α(e′i) = α(ei) + ciα(en),
for some ci ∈ Z. Hence the equations (5.7) become
〈α(e′i)− ciα(en), uρ〉 =
{
1 if i = 1,
0 if i = 2, . . . , n
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which turn out to be the relations (5.8), because 〈α(en), uρ〉 = 0. Hence the result follows. 
Now we give a proof of Theorem 5.4. By Lemma 5.12, we know that the combinatorial structure of
the fan Σ is given as in Theorem 5.4-(2). Now it is enough to show that the ray generators are given as
in Theorem 5.4-(1).
For a given 1 ≤ ℓ ≤ m and a nonempty proper subset A of [nℓ+1], consider a ray ρℓ(A) of Σ. To compute
the ray generator of ρℓ(A), it is enough to consider only one maximal cone containing ρℓ(A) because of
Lemma 5.15.
We note that there is one-to-one correspondence between the set of maximal cones in Σ˜ and Sn1+1 ×
· · · ×Snm+1 as in 5.3. More precisely, for (v1, . . . , vm) ∈ Sn1+1 × · · · ×Snm+1, we define
(5.9) Aℓp := {v(nℓ + 2− p), . . . , v(nℓ + 1)} for 1 ≤ p ≤ nℓ, 1 ≤ ℓ ≤ m.
Moreover, for a given maximal cone indexed by (v1, . . . , vm), the adjacent maximal cones σ
j
i are determined
by permutations
(5.10) (v1, . . . , vj−1, vj · si, vj+1, . . . , vm)
for 1 ≤ i ≤ nj and 1 ≤ j ≤ m.
From now on, set A = {x1 < x2 < · · · < xnℓ+1−d} and [nℓ + 1] \ A = {y1 < y2 < · · · < yd}. Define a
permutation vℓ,A to be
(5.11) vℓ,A = (y1 y2 · · · yd x1 x2 · · ·xnℓ+1−d) ∈ Snℓ+1.
Also define v := (v1, . . . , vℓ, . . . , vm) ∈ Sn1+1 × · · · × Snm+1 by setting vℓ = vℓ,A and vj = e ∈ Snj+1
for j 6= ℓ. Then using (5.9), the maximal cone σv indexed by v contains the ray ρℓA. We note that among
adjacent maximal cones indexed by permutations in (5.10), the maximal cone σℓd is the unique maximal cone
which does not contain the ray ρℓA, because
vℓ · sd = vℓ,A(d, d+ 1) = (y1 · · · yd−1 x1 yd x2 · · · xnℓ+1−d).
Because of Lemma 5.14 and Lemma 5.15, it is enough to show that the vector
uℓA =

∑
x∈A
εℓ,x if nℓ + 1 /∈ A,
∑
x∈[nℓ+1]\A
− εℓ,x +
m∑
j=ℓ+1
nj∑
k=1
ajk,ℓεj,k otherwise
in Theorem 5.4 satisfies the following equations:
〈α(eji ), u
ℓ
A〉 =
{
1 if j = ℓ and i = d,
0 otherwise,
where eji is an edge of the GKM graph Γ of X corresponding to the facet σv ∩ σ
j
i of the maximal cone σv,
and α is the axial function α : E(Γ)→ t∗Z.
To prove the claim, we separate cases as j < ℓ, j = ℓ, and j > ℓ.
Case 1 j < ℓ. By Theorem 3.11, the axial functions of the edge α(eji ) is a linear combination of ε
∗
1,1, . . . ,
ε∗1,n1 , . . . , ε
∗
j,1, . . . , ε
∗
j,nj
. On the other hand, since uℓA is a linear combination of εℓ,1, . . . , εℓ,nℓ , . . . ,
εm,1, . . . , εm,nm and j < ℓ, their pairings always vanish.
Case 2 j = ℓ. By Theorem 3.11, the axial functions of the edge α(eℓi) is a linear combination of ε
∗
1,1, . . . ,
ε∗1,n1 , . . . , ε
∗
ℓ,1, . . . , ε
∗
ℓ,nℓ
. More precisely, we have that
α(eℓi) = (εℓ,vℓ,A(i+1))
∗ − (εℓ,vℓ,A(i))
∗ + other terms,
where ‘other terms’ are the terms of ε∗p,k for p < ℓ and vℓ,A is a permutation defined in (5.11). Since
the vector uℓA is a linear combination of εℓ,1, . . . , εℓ,nℓ , . . . , εm,1, . . . , εm,nm , we have
(5.12) 〈α(eℓi), u
ℓ
A〉 = 〈(εℓ,vℓ,A(i+1))
∗ − (εℓ,vℓ,A(i))
∗, uℓA〉.
Because of the definition of the permutation vℓ,A, we have that vℓ,A(i) ∈ A if and only if i ≥ d+ 1.
Therefore for the case when nℓ+1 /∈ A, we have that the value 〈(εℓ,vℓ,A(i))
∗, uℓA〉 equals to 0 if i ≤ d,
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and 1 otherwise. Also for the case when nℓ + 1 ∈ A, we get that the pairing 〈(εℓ,vℓ,A(i))
∗, uℓA〉 is −1
if i ≤ d and 0 otherwise.
By applying (5.12) for nℓ + 1 /∈ A, we have the following:
〈α(eℓi), u
ℓ
A〉 =

0− 0 = 0 for i = 1, . . . , d− 1,
1− 0 = 1 for i = d,
1− 1 = 0 for i = d+ 1, . . . , nℓ.
Similarly, when nℓ + 1 ∈ A, we get the following:
〈α(eℓi), u
ℓ
A〉 =

−1− (−1) = 0 for i = 1, . . . , d− 1,
0− (−1) = 1 for i = d,
0− 0 = 0 for i = d+ 1, . . . , nℓ.
Case 3 j > ℓ. The matrix X
(ℓ)
j in Proposition 3.5 is
X
(j)
ℓ =
∑
ℓ<i1<···<ir<j
(
BjA
(j)
ir
)(
BirA
(ir)
ir−1
)
· · ·
(
Bi1A
(i1)
ℓ
)
Bℓ +BjA
(j)
ℓ Bℓ.
Since vj = e for j 6= ℓ, the matrix X
(j)
ℓ can be written by
X
(j)
ℓ =
 ∑
ℓ<i1<···<ir<j
A
(j)
ir
A
(ir)
ir−1
· · ·A
(i1)
ℓ +A
(j)
ℓ
Bℓ.
By Proposition 4.7, the matrix A
(j)
i has nonzero entries only on the first column. The matrix Bℓ
is the row permutation matrix corresponding to vℓ,A, so that Bℓ is the column permutation matrix
corresponding to v−1ℓ,A. Hence by multiplying the matrix Bℓ on the right, the matrix X
(j)
ℓ has nonzero
entries only on the y1th column.
Subcase 1 nℓ + 1 /∈ A. Since the matrix X
(j)
ℓ has nonzero entries only on the y1th column, we have that
〈α(eji ), u
ℓ
A〉 = 0 for all j > ℓ.
Subcase 2 nℓ+1 ∈ A. For a pair (p, j) such that ℓ < p < j ≤ m, the matrix X
(j)
p has nonzero entries only
on the first column. For simplicity, for p = ℓ + 1, . . . , j − 1, denote the (i, 1)-entry of X
(j)
p by
x
(j)
p,i . Similarly, denote the (i, y1)-entry of X
(j)
ℓ by x
(j)
ℓ,i . Then we have the following:
〈α(eji ), u
ℓ
A〉 =
〈
(x
(j)
ℓ,i+1 − x
(j)
ℓ,i )(εℓ,y1)
∗ +
j−1∑
p=ℓ+1
(x
(j)
p,i+1 − x
(j)
p,i)(εp,1)
∗ + (εj,i+1)
∗ − (εj,i)
∗, uℓA
〉
=
〈
(x
(j)
ℓ,i+1 − x
(j)
ℓ,i )(εℓ,y1)
∗,−(εℓ,y1 + · · ·+ εℓ,yd)
〉
+
〈
j−1∑
p=ℓ+1
(x
(j)
p,i+1 − x
(j)
p,i )(εp,1)
∗ + (εj,i+1)
∗ − (εj,i)
∗,
m∑
p=ℓ+1
np∑
k=1
apk,ℓεp,k
〉
= (−1)(x
(j)
ℓ,i+1 − x
(j)
ℓ,i ) +
j−1∑
p=ℓ+1
(x
(j)
p,i+1 − x
(j)
p,i)(a
p
1,ℓ) + (a
j
i+1,ℓ − a
j
i,ℓ).
To show the above pairing vanishes, it is enough to show that
x
(j)
ℓ,i =
j−1∑
p=ℓ+1
x
(j)
p,ia
p
1,ℓ + a
j
i,ℓ for all i,
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which comes from the definition of X
(j)
ℓ :
X
(j)
ℓ B
−1
ℓ =
∑
ℓ<i1<···<ir<j
A
(j)
ir
A
(ir)
ir−1
· · ·A
(i1)
ℓ +A
(j)
ℓ
= X
(j)
j−1A
(j−1)
ℓ + · · ·+X
(j)
ℓ+2A
(ℓ+2)
ℓ +X
(j)
ℓ+1A
(ℓ+1)
ℓ +A
(j)
ℓ
=
j−1∑
p=ℓ+1
X(j)p A
(p)
ℓ +A
(j)
ℓ .
Hence we have 〈α(eji ), u
ℓ
A〉 = 0 for all j > ℓ.
Now we prove the smoothness. Since the permutohedral variety Xn is nonsingular (see [Dab96, Corollary
of Theorem 3.3]), for a proper chain ∅ ( A1 ( · · · ( An ( [n+ 1] of nonempty proper subsets of [n+ 1], we
have that
(5.13) det[uA1 uA2 · · · uAn ] = ±1.
To show that a generic torus orbit closure is smooth, it is enough to show that every maximal cones in Σ
are smooth. For a maximal cone indexed by (A1•, . . . , A
m
• ), consider the matrix whose column vectors are
the corresponding ray generators:
(5.14)
[
u1A11
· · · u1A1n1
· · · umAm1 · · · u
m
Amnm
]
.
Then the matrix (5.14) is a block lower triangular matrix whose sizes of blocks are n1, . . . , nm. Moreover,
the determinant of the matrix in (5.14) is
det
([
uA11 · · · uA1n1
])
· det
([
uA21 · · · uA2n2
])
· · · det
([
uAm1 · · · uAmnm
])
= ±1
by (5.13). Here {uAℓ1, . . . , uAℓnℓ
} is the set of ray generators of the maximal cone in the fan of Xnℓ indexed
by the proper chain ∅ ( Aℓ1 ( · · · ( A
ℓ
nℓ
( [nℓ + 1] for 1 ≤ ℓ ≤ m. This proves that the closure of a generic
torus orbit in the associated flag Bott manifold is smooth.
We notice that there are flag Bott manifolds which are not the associated flag Bott manifolds. The
smoothness of the closure of a generic torus orbit closure in any flag Bott manifold can be proven similarly,
see [LS18, Proposition 3.5].
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